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Abstract
We study the boundary states for the rational points in the moduli spaces
of c = 1 conformal and c = 3/2 superconformal field theories, including the
isolated Ginsparg points. We use the orbifold and simple-current techniques
to relate the boundary states of different theories and to obtain symmetry-
breaking, non-Cardy boundary states. We show some interesting examples of
fractional and twisted branes on orbifold spaces.
1 Introduction
One of the topics of present string theory investigations is the determination of D-
branes on general backgrounds: their algebraic construction as boundary states of
conformal field theory, their classification, the relevant consistency conditions and
their geometrical interpretation [1][2][3][4][5].
In the rational conformal theories (RCFT), the boundary states should obey a
closed set of modular covariance conditions [6][7][8], that involve the bulk-theory data
specified by the torus partition function. A general solution was originally found
by Cardy for the symmetry-preserving boundary states associated to the charge-
conjugation partition function [6]; several authors have recently discussed other cases
and examples with symmetry-breaking boundaries and general partition functions
[9][10][11][12]. Among other solutions, a rather interesting pattern has emerged for
the D-branes on group manifolds [2] and coset manifolds [4][13]. Moreover, a theory
for the symmetry-breaking boundary conditions has been introduced [11] and a large
class of non-Cardy boundary states has been found [14] by extending the method of
simple currents [15].
In this paper, we would like to contribute to these searches by presenting the
detailed analysis of the rational conformal and superconformal theories at c = 1
and 3/2, respectively [16][17]; our study includes the isolated points of the non-
abelian orbifolds SU(2)/G, where G is the symmetry group of the tetrahedron (T),
octahedron (O) and icosahedron (I). These theories are interesting for their non-
trivial, yet manageable, chiral algebras, involving several twisted sectors [18]. Their
boundary states provide nice examples of “fractional” and “twisted” branes [19]. In
our analysis of boundary states, we extensively use the method of simple currents [14],
and we exemplify some properties of symmetry-breaking boundaries first discussed in
Ref.[11].
It is interesting to see these methods at work in elaborate examples and to discuss
the resulting features. Whenever orbifold constructions, often implemented by simple
currents, map pairs of conformal theories, we can find corresponding relations between
the respective boundary states. Cardy-type boundaries are mapped to new, non-
Cardy boundaries pertaining to the same or a different theory; these relations provide
interesting hints and checks for the geometrical interpretation of the D-branes.
The paper is organized as follows. In Section 2, we introduce the orbifold construc-
tion of boundary states in the rather well-known case of the ŜU(2)k affine conformal
theories [9][7][8], whose bulk field content is given by the ADE modular invariants
[20]; this example also motivates the general formulae for the orbifold constructions
based on simple currents [14][21]. In Section 3, we discuss the boundary states for the
1
rational c = 1 theories of the compactified boson and the S1/Z2 orbifold [16]; most of
the results are well known∗, but they set the stage for the analysis of the T−O− I
models.
In Section 4, after (re)-deriving the T−O− I chiral algebras and S matrices [18],
we discuss an interesting example of non-Cardy boundary states that pertains to the
tetrahedron orbifold with diagonal partition function. Such boundaries are derived
from the Cardy states of the octahedron by simple-current extension, namely by the
inverse of the orbifold map: ŜU(2)1/O = (ŜU(2)1/T)/Z2. The corresponding annu-
lus amplitudes provide a 5-dimensional representation of the 21-dimensional fusion
rules of the T model.
In Section 5, we review the moduli space of c = 3/2 superconformal theories [17],
we write their chiral algebras and characters, and find their boundary states. Finally,
Section 6 is devoted to the superconformal T and O orbifolds†; using the chiral data
spelled out in Appendix D, we find the boundary states for some of their non-charge-
conjugate partition functions and the relations among them.
The Appendices contain some details of our work: Appendix A reports the char-
acter tables of the T−O− I groups; Appendix B discusses the amplitudes for non-
orientable surfaces, the Klein bottle and the Mo¨bius strip, [22] that complete the
analysis of c = 1 theories. Appendix C and D contain the chiral algebras of the
conformal and superconformal T−O− I models, respectively.
2 Orbifold constructions for boundary states
Rational conformal theories are characterized by the modular invariant partition func-
tion on the torus, that is a sesquilinear form in the characters χi of the representations
of the chiral algebra A of the theory [23]:
Z =
N∑
i,j=1
Zij χi(q)χj(q) , q = exp(2iπτ) . (2.1)
In this expression, the trace over the states propagating in the bulk decomposes into
the representations labeled by the indices i and j that occur with integer multiplicities
Zij.
The determination of the conformal boundary conditions that are consistent with a
given, generic bulk theory (generic Z) is a non-trivial problem that has been tackled
by the recent literature [9][7][10][8]. Let us briefly recall the setting: the partition
∗ See e.g. the Refs.[1].
† The superconformal I orbifold is not discussed here.
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function on the annulus with boundary conditions of type (a) and (b) is a linear
combination of characters,
Aab =
N∑
i=1
Aiab χi(q) , (2.2)
where the non-negative integer multiplicities Aiab are in general unknown, and should
be determined by the consistency conditions of modular covariance and by some
physical requirements [6]. Upon performing the S modular transformation, τ →
−1/τ , the annulus amplitude (2.2) describes the propagation of bulk states between
the two boundary states |a〉 and |b〉. The latter can be expended in the basis of the
Ishibashi states |m〉〉 as follows [24]:
|a〉 =
M∑
m=1
Bam |m〉〉 . (2.3)
There exists an Ishibashi state for any bulk representation that reflects at the bound-
ary, namely for any m such that Zmm∗ 6= 0 in the partition function (2.1), with
corresponding multiplicity (m∗ is the representation conjugate to m).
The general form of the boundary states for the bulk theory of the charge-conjugation
modular invariant, Zij = δi,j∗, has been given by Cardy [6]: there are as many bound-
ary states as representations of the chiral algebra, a,m = 1, . . . , N , and the boundary
coefficients are expressed in terms of the modular S matrix,
Bam =
Sam√
S0m
. (2.4)
As a consequence of the Verlinde formula [25], the corresponding annulus coefficients
are equal to the fusion rules: Aiab = N iab.
For general torus partition functions, we can make the natural assumption of com-
pleteness of the boundary conditions [7], such that the boundary coefficients Bam
define an invertible map in (2.3). Orthogonality is also required for the set of “pure”
boundaries whose correlators obey the cluster decomposition. These conditions imply
that the matrix Ram ≡
√
S0m Bam is unitary. An equivalent condition is that the
matrices of annulus coefficients‡ (Ai) ba give rise to an integer-valued representation
of the fusion algebra [7, 8]:
M∑
b=1
A bia A
c
jb =
N∑
k=1
N kij A cka . (2.5)
In this paper, we study boundary states at c = 1 and 3/2: we discuss interesting
theories not completely analyzed so far, and describe cases with non-charge-conjugate
‡ Note that the bulk (i) and boundary (a, b) indices of Aiab = A
i
ba can be raised with the help of
the bulk and boundary conjugation matrices, Cij = (S
2)ij = δi,j∗ and A
0
ab = δa,b∗ , respectively.
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modular invariants. We extend the orbifold constructions of bulk theories to the
determination of the boundary states, relying on the results of the Refs.[11, 14, 4].
The method can be illustrated in the case of the ŜU(2)k affine conformal theories with
ADE modular invariant partition functions [20]. The D-theories with non-diagonal
modular invariant can be obtained as orbifolds of the diagonal A-theories, by modding
out the Z2 symmetry χi 7→ (−1)i+1χi, i = 1, . . . , k + 1. The invariant states are the
integer-spin ŜU(2)k representations, and the twisted states are added in a way that
is consistent with modular invariance. The result is (ℓ = 1, 2, . . .):
k = 4ℓ+ 2, ZD2ℓ+3 =
k+1∑
i=1 odd
|χi|2 + |χ(k+2)/2|2 +
(k−2)/2∑
i=2 even
(
χiχk+2−i + c.c.
)
;
k = 4ℓ, ZD2ℓ+2 =
(k−2)/2∑
i=1 odd
|χi + χk+2−i|2 + 2|χ(k+2)/2|2 . (2.6)
The D-even partition functions are diagonal modular invariants for an extended chiral
algebra, while the D-odd partition functions have left and right sectors paired by the
permutation i→ k+ 2− i, that is an automorphism of the fusion rules. For k = 6 in
particular, the orbifold construction relates the A7 and D5 partition functions:
ZA7 =
7∑
i=1
|χi|2 −→ ZD5 =
7∑
i=1 odd
|χi|2 + |χ4|2 + (χ2χ6 + c.c.) . (2.7)
The even-index characters in ZD5 correspond to the twisted sectors.
The orbifold operation can be applied to the Ishibashi states of the diagonal invari-
ant since they are in one-to-one relation with the representations of the chiral algebra.
First we should form combinations of boundary states that are invariant under the
orbifold symmetry; in the present case, they are given by:
|i〉D = 1√
2
(|i〉A + |k + 2− i〉A) =
k+1∑
m=1
Sim√
S1m
1 + (−1)m+1√
2
|m〉〉 , i = 1, . . . , k
2
,
(2.8)
where Sij =
√
2/(k + 2) sin(πij/(k + 2)). The states |i〉D can be called “invariant”
boundaries because they only allow the propagation of odd-m bulk states in the closed
channel.
In the D-odd theories, we need two further boundaries to form a complete basis.
These arise from the splitting of the boundary state of the diagonal theory |f〉A,
f = (k + 2)/2, that is the fixed point of the orbifold action i→ k + 2− i:
|f,±〉D =
1√
2
|f〉A ±
R√
S1f
|f〉〉 . (2.9)
These two boundary states are distinguished from the invariant combinations (2.8) by
having non-vanishing coefficients for the Ishibashi |f〉〉 corresponding to the “twisted”
sector i = (k + 2)/2 in the D-odd modular invariants (2.6).
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The coefficient R = 1/
√
2 is determined by the completeness condition for these
boundaries (2.8, 2.9), i.e. by the orthogonality of the matrix Ram. The two boundary
states |f,±〉D can be called fractional branes, using a string terminology [19]: owing
to the splitting, their boundary coefficients are smaller than those of the invariant
state
√
2 |f〉A they originate from. Actually, there is a geometric interpretation of the
ŜU(2)k A-type boundary states as Dirichlet two-branes (two-spheres) on the SU(2)
manifold, the S3 sphere, [2]; in this picture, the previous orbifold action (2.8) is the
antipodal map, and the |f〉A brane, localized at the equator, is left invariant and gets
split. Simpler examples of this phenomenon will be found later among the c = 1
theories.
In theD-even theory, there are two degenerate Ishibashi states |f,±〉〉 corresponding
to the fixed point f = (k + 2)/2 of the orbifold action. One can similarly construct
the invariant boundary states and the two fractional states; however, their boundary
coefficients are not completely determined by the completeness condition. There
remains a free rotation in the space of the states |f,±〉〉, that are degenerate in
Virasoro dimension; a proper basis for these states is the one preserving the extended
symmetry of the D-even theory. Such basis can be found by applying the Cardy
formula (2.4) to the boundary states of the extended theory, involving the S-matrix
for the extended characters [26]. The boundary states for all the ADE modular
invariants have already been obtained by several methods [9, 10, 8], and the present
discussion was just meant to be pedagogical; note that the orbifold construction can
also be extended to the boundary operator-product expansion [27].
The orbifold construction can be generalized using the language of simple currents
[15]. A simple current J is a primary field with one-term fusion rules with all the
fields:
J · φi = φJ(i) , i = 1, . . . , N. (2.10)
The presence of the simple current implies an abelian discrete symmetry in the theory,
that is generated by exp(2iπQJ), with:
QJ (φi) = hJ + hi − hJ(i) mod 1. (2.11)
This charge is the exponent for the monodromy of the current around the field φi and
is conserved in the fusion rules. The fields φi can be organized in orbits, each orbit
containing the fields generated by the repeated fusion with the simple current. The
simple current and its powers generate an abelian group by fusion that is called the
center G of the conformal field theory.
Starting from the charge-conjugation partition function, one can obtain a new
modular invariant by modding out the abelian symmetry associated to the simple
current. The result depends on the order of the center and on the (conformal) spin
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of the current. In particular, an integer-spin current J generates an extension-type
modular invariant of the form [26]:
Z =
∑
orbits a| QJ(a)=0
|Sa|
∣∣∣∣∣∣
∑
J∈G/Sa
χJ(ia)
∣∣∣∣∣∣
2
; (2.12)
in this equation, a labels the orbits, ia is a representative point on each orbit, and
|Sa| is the order of the stabilizer Sa of the orbit a, i.e. the subgroup of G acting
trivially on any element i in a. Extension-type modular invariants can be considered
as diagonal invariants with respect to the basis of the extended chiral algebra, and
therefore the Cardy solution (2.4) can be used to obtain boundary states that preserve
the extended symmetry. However, in many cases it is interesting to know also the
boundaries that only respect the original chiral algebra [11].
Another example of simple-current modular invariant is of the automorphism type
[15]:
Z =
∑
i |QJ(i)=0
|χi|2 +
∑
i |QJ(i)=1/2
χiχJ(i) , (2.13)
and it is generated by an order-two current of half-integer spin. Both types of in-
variants, (2.12) and (2.13) are realized in the ŜU(2)k D-series seen before, the simple
current being the primary field φk+1.
The Z2 automorphism modular invariant (2.13) will appear frequently in our analy-
sis of the boundary states of c = 1 and c = 3/2 theories. The corresponding boundary
coefficients Ram have been found in general [10], and were shown to represent the so-
called classifying algebra for boundary conditions that replaces the fusion algebra
for the Cardy case. The general pattern of the boundary states is already appar-
ent in the ŜU(2)k example: there are Z2-invariant boundaries that are in one-to-one
correspondence with length-two orbits of the simple current,
|a〉 =
∑
i
Sa,i + SJ(a),i√
2S0,i
|i〉〉 . (2.14)
These states are characterized by having vanishing coefficients for all the Ishibashi
states |i〉〉 with QJ(i) = 1/2, owing to the relation SJ(a),k = Sa,k exp(2πiQJ(k)) [15].
In addition there are fractional boundary states, two for each fixed point of the simple
current, J(f) = f, J(g) = g, . . ., of the form:
|f,±〉 =
∑
i
Rf±,i√
S0i
|i〉〉 . (2.15)
These states are characterized by non-vanishing coefficients on the Ishibashi corre-
sponding to fields with QJ = 1/2 and fixed by J , that can be expressed in terms of
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a suitable fixed-point S matrix denoted by S˜ [14]:
Rf±,g = ±
S˜fg√
2
. (2.16)
The coefficients in (2.15) with respect to the Ishibashi states |i〉〉 with J(i) 6= i are
simply given by the S matrix of the model, Rf±i = Sfi/
√
2. This ansatz for the
boundary states was shown to satisfy the previous constraints of integrality and pos-
itivity for the annulus amplitude [10]. We finally mention that a general formula
has been presented in Ref.[14] for the boundary states of arbitrary simple-current
modular invariants.
3 Boundary states at c = 1: circle and orbifold
lines
We now turn to the analysis of the boundary states for the conformal field theories
at c = 1: we should first recall some basic facts about these theories [16]. The first
line of c = 1 models is realized by the free boson field X compactified on a circle
of radius R. These models possess the affine U(1) symmetry and their field content
can be organized in representations of this algebra, as summarized by the partition
function:
Zc(R) =
∑
n,m∈Z
Γn,m , Γn,m =
1
|η(q)|2 q
α′
4 (
n
R
+mR
α′ )
2
q
α′
4 (
n
R
−mR
α′ )
2
, (3.1)
where η is the Dedekind function. By modding out the circle by the reflection P :
X 7→ −X one obtains the second line of the S1/Z2 orbifold theories. On each line,
the points R and α′/R are equivalent by T-duality and the two lines intersect at one
point, corresponding to R2c = 4α
′ and R2o = α
′. The circle theory at the self-dual
radius R2c = α
′ possesses an ŜU(2)1 affine symmetry that can be modded by the
discrete subgroups of SU(2). While the orbifolds by the cyclic and dihedral groups
reproduce theories on the circle and orbifold lines, respectively, those by the three
non-abelian groups T, O, I, (the symmetry groups of the tetrahedron, octahedron
(cube) and icosahedron (dodecahedron)), give three new c = 1 CFT, that do not
belong to the previous lines and have no marginal deformations. In the sequel, we
will focus on the rational points on the c = 1 moduli space§ [28].
§ For recent results on the boundary states preserving the Virasoro algebra only, see Ref.[12].
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3.1 Circle line
There are two natural boundary conditions J = Ω(J) for the Û(1) currents J and J ,
namely Ω(J) = ±J , corresponding to Neumann and Dirichlet conditions, respectively.
The corresponding Ishibashi states are:
|n, 0〉〉D = exp
( ∞∑
j=1
α−jα−j
j
)
|n, 0〉 ,
|0, m〉〉N = exp
(
−
∞∑
j=1
α−jα−j
j
)
|0, m〉 , (3.2)
where |n,m〉 is the highest weight state with n units of momentum and m units of
winding and the αn, α¯n are the bosonic modes. The boundary states [1][5],
|x〉 =
(√
α′
2
1
R
)1/2∑
n∈Z
e
inx
R |n, 0〉〉D ,
|θ〉 =
(
R√
2α′
)1/2∑
m∈Z
eimθ |0, m〉〉N , (3.3)
can be interpreted as D0 and D1 branes, respectively; they belong to two continuous
families parametrized by the position on the circle x and by the value of a Wilson
line θ.
Let us now focus on the RCFT at the radii R =
√
α′k, k ∈ N, where the Û(1) chiral
algebra is extended by the fields e±i2
√
k/α′X and is usually referred to as the Û(1)k
algebra [23]. There are 2k primary fields, whose characters and conformal dimensions
are given by:
χr =
1
η(q)
∑
n∈Z
qk(n−
r
2k
)2 , r = −k + 1, ..., k , hr = r
2
4k
. (3.4)
The theory with charge conjugation modular invariant Z =
∑
r χrχ−r possesses
2k boundary states that are specialization of the Dirichlet boundaries (3.3) for x =
2πR(r/2k). In order to account for Neumann states in the rational theories, we
should consider symmetry breaking boundary conditions: we postpone this discussion
to the next section. The bulk theory described by the diagonal partition function
Z =
∑
r |χr|2 can only have two boundary states, that are written as follows,
|±〉 =
(
k
2
)1/4
(|0〉〉 ± |k〉〉) , (3.5)
in terms of the Ishibashi states corresponding to the two self-conjugate fields, r = 0, k,
of the rational theory. They can be realized as superpositions of D0 branes of the
8
type (3.3), sitting at even (resp. odd) multiples of 2πR/(2k) [4]. This is the first
occurrence of the orbifold relations of the previous Section: actually, one can obtain
the diagonal modular invariant from the charge conjugation one by the S1/Zk orbifold
of the symmetry χl 7→ exp (2iπl/k)χl; thus, the new boundary states are given by
invariant combinations of the old ones, in agreement with Eq. (2.8).
3.2 Orbifold line
Let us first recall some general aspects of orbifold constructions [18] that will be useful
in the following discussion. An orbifold theory is the quotient C/G of the CFT C by
a discrete group G of symmetries of the theory, i. e. by an endomorphism group
of the operator algebra, that commutes with Virasoro and respects the left-right
decomposition of the Hilbert space:
H =
∑
j,j
[φj]⊗ [φj] , (3.6)
where the [φj] are the irreducible representations of the chiral algebra. When a σ-
model description is available, the target space of the orbifold theory is the quotient
of the original manifold by a subgroup G of its isometry group.
The partition function of the C/G orbifold is:
Z =
1
|G|
∑
g,h∈G | [g,h]=0
Z [gh] ǫ(g, h) , (3.7)
where |G| is the order of the group and Z [gh] is the contribution to the partition
function coming from the trace on the g-twisted sector with an insertion of the op-
erator h. The restriction to commuting elements ghg−1h−1 = 1 comes from the fact
that the cycle aba−1b−1 is contractible on the torus. The phase ǫ(g, h) accounts for
the so-called discrete torsion [29]. There is a clear Hamiltonian interpretation: for
each g ∈ G there is an Hilbert space Hg of g-twisted states, that are projected by
Sg = {h ∈ G|ghg−1h−1 = 1}, the stabilizer of g. Recalling the relation |G| = |Sg||Cg|
between the order of the stabilizer and the dimension of the conjugacy class of g, we
can restrict the sum in (3.7) to the conjugacy classes a and choose a representative
element ga for each class, leading to:
Z =
∑
a
1
|Sa|
∑
h∈Sa
Z[gah ]ǫ(ga, h) =
∑
a
TrHaΠ
aqL0−
c
24 qL0−
c
24 , (3.8)
where,
Πa =
1
|Sa|
∑
h∈Sa
h ǫ(ga, h) , (3.9)
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is a projection operator onto Sa-invariant states.
The expression (3.7) of the partition function does not show explicitly the chiral
operator content of the orbifold theory, that is necessary for the construction of the
boundary states. As stressed in Ref.[18], several properties of the orbifold chiral
sectors can be associated to the representations of the finite group G. With respect
to its action, the original chiral algebra A decomposes into A = ⊕αAα, where Aα
contains the states that transform in the irreducible representation rα of G. The chiral
algebra of the orbifold is A0 = A/G. Each Aα is a representation of A0, in general
reducible because G acts in Aα and commutes with A0. We can then decompose each
Aα according to:
Aα = [φα]⊗ rα , (3.10)
where [φα] is an irreducible representation of A0.
Representations of the chiral algebra that are mapped by G into different represen-
tations are identified in the orbifold model; representations that are fixed point of G
are split and give rise to the twisted sectors Ag, that are in one-to-one correspondence
with the conjugacy classes of G. On Ag, it is defined the action of the stabilizer Sg,
and thus there is a decomposition analogous to (3.10):
Ag =
⊕
α
Agα , Agα = [φgα]⊗ rgα , (3.11)
where now α labels the irreducible representations rgα of Sg.
The characters of the orbifold theory associated to the decompositionHg =
⊕
α[φ
g
α]⊗
rgα can be written as combinations of the traces,
z [gh] = TrHgh q
L0− c24 , |z [gh]|2 = Z [gh] , (3.12)
as follows:
χgα(q) =
1
|Sg|
∑
h∈Sg
ρgα(h
−1) z [gh] , (3.13)
where ρgα(h
−1) are the characters of the representation rgα. The characters χ
g
α(q) have
q-expansion with positive integers coefficients. The inverse relation is:
z [gh] =
∑
α
ρgα(h)χ
g
α(q) . (3.14)
The chiral algebra of the S1/Z2 orbifold at rational radius can be obtained using
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the previous formulas [18]; it contains (k + 7) primary fields whose characters read:
u± = 12
(
χ0 ±
√
2η
θ2
)
, h = 0, 1 ,
φ± = 12χk , h =
k
4
,
χr , r = 1, .., k − 1 , h = r24k ,
σi =
1
2
(√
η
θ4
+
√
η
θ3
)
, i = 0, 1, h = 1
16
,
τi =
1
2
(√
η
θ4
−
√
η
θ3
)
, i = 0, 1, h = 9
16
,
(3.15)
where the characters χr are defined in (3.4) and θα, α = 2, 3, 4, are the Jacobi theta
functions. The fields¶ χr, r = 1, ..., k − 1, arise from the identification between the
primaries χr and χ−r. The fields u±, φ± arise from the splitting of the representations
at the two fixed points r = 0, k:
u± = Trχ0
[
1± P
2
qL0−
c
24
]
,
φ± = Trχk
[
1± P
2
qL0−
c
24
]
, (3.16)
where the signs ± label the two irreducible representations of Z2. Finally there are
four twisted fields σi, τi, i = 0, 1, for the two fixed points, which are obtained by
considering for each point the combinations:
1
2
(
z
[P
1
]± z [PP]) , (3.17)
in agreement with (3.13). The S matrix in the basis (3.15) was found in Ref.[18]: for
k even, it reads (up to the factor 1/
√
8k),
u± φ± χs σj τj
u± 1 1 2 ±
√
k ±√k
φ± 1 1 2(−1)s ±(−1)j
√
k ±(−1)j√k
χr 2 2(−1)r 4 cos(πrs/k) 0 0
σi ±
√
k ±(−1)i√k 0 δij
√
2k −δij
√
2k
τi ±
√
k ±(−1)i√k 0 −δij
√
2k δij
√
2k
(3.18)
where i, j = 0, 1. The expression for k odd is [30]:
u± φ± χs σj τj
u± 1 1 2 ±
√
k ±√k
φ± 1 −1 2(−1)s ±i(−1)j
√
k ±i(−1)j√k
χr 2 2(−1)r 4 cos(πrs/k) 0 0
σi ±
√
k ±i(−1)i√k 0 eiσijπ/8√k −eiσijπ/8√k
τi ±
√
k ±i(−1)i√k 0 −eiσijπ/8√k eiσijπ/8√k
(3.19)
¶ Hereafter, the fields and the corresponding characters are labeled by the same symbols.
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where σij = (−1)i+j(−1)(k+1)/2, i, j = 0, 1.
The Cardy boundary states of the S1/Z2 orbifold can be read from these S matrices,
Eqs. (2.3) and (2.4); actually, they can be interpreted as the result of the orbifold
action on the boundaries of the circle theory [1, 11], in agreement with the discussion
of Section 2. The states |χr〉, r = 1, ..., k − 1 come from the identification of D0
branes sitting at opposite points along the circle: in their spectrum there is an exactly
marginal operator that allows displacements of the branes along the circle. The states
|u+〉, |u−〉, |φ+〉 and |φ−〉 describe fractional branes D0 sitting at the fixed points of
the interval. Actually, they have smaller coefficients than those of the states |χr〉
and non-vanishing coefficients for the twisted Ishibashi’s; these branes are forced to
live on the fixed points because they have no marginal deformations, unless they
combine with the other fractional brane. Finally the Cardy states corresponding
to the twisted fields |σi〉, |τi〉, i = 0, 1, can be interpreted as fractional D1-branes
with suitable Wilson lines. Actually, the occurrence of both D0 and D1 branes is
not unexpected, because both gluing conditions Ω and ΩP should be present in the
orbifold theory.
A general feature of abelian orbifolds is that they always contain a set of integer-
spin simple currents, stemming from the decomposition of the chiral algebra of the
original theory, that form a group isomorphic to the orbifold group G [15]. These
currents allow for reconstructing the original theory as a simple current extension of
the orbifold (see Eq.(2.12)). Among the chiral fields of the S1/Z2 orbifold (3.15),
there is indeed the integer-spin current u− that gives back the circle theory.
According to the discussion of Section 2, we can use the simple-current map to
transform the orbifold boundary states back to the circle theory; according to Eq.
(2.14), |u+〉o and |u−〉o combine into |χ0〉c, while |φ+〉o and |φ−〉o give |χk〉c; the fixed
points |χr〉o split giving the two boundary states |χr〉c and |χ−r〉c, using Eq.(2.15).
These are the symmetry-preserving boundaries of the circle theory seen before.
Furthermore, two other boundary states are obtained from the fractional D1 branes
|σi〉o, |τi〉o:
|+〉 = 1√
2
(|σ0〉o + |τ0〉o) =
(
k
2
)1/4
(|u+〉〉 − |u−〉〉+ |φ+〉〉 − |φ−〉〉)o , (3.20)
and similarly for |−〉 = (|σ1〉o + |τ1〉o)/
√
2. The states |±〉 preserve only a U(1)k/Z2
orbifold subalgebra of the full U(1)k symmetry of the circle [11] and can be interpreted
as D1 branes with a particular Wilson line, namely they correspond to Neumann
boundary conditions for the circle theory. This interpretation is confirmed by the
expression of the annulus amplitude between these new states and the rational circle
D0 states |χr〉:
A+,r = σ0 + τ0 , (3.21)
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which is the usual partition function for a free boson on a strip with Neumann-
Dirichlet boundary conditions [5]. Actually the Ishibashi states |u+〉〉 − |u−〉〉 and
|φ+〉〉 − |φ−〉〉 are precisely those associated to the Neumann gluing condition ΩP.
According to the general analysis of symmetry breaking boundary conditions [11],
we can move the automorphism r 7→ −r from the gluing condition to the modular
invariant and consider the boundary states (3.20) as the complete set pertaining to
the diagonal modular invariant of the circle theory. Actually, they coincide with the
boundaries (3.5).
Two further simple currents exists in the orbifold theory, φ±, that, together with u−,
generate the Z2×Z2 group for k even and the Z4 group for k odd. Let us discuss the
other theories that they may yield. We note that there exists another orbifold modular
invariant given by the automorphism (φ+, σ0, τ0)↔ (φ−, σ1, τ1), which coincides with
charge conjugation for k odd. The boundary states for this modular invariant at
R2 = α′k can be constructed as before, by interpreting them as symmetry-breaking
boundaries for the original theory, i.e. by shifting the automorphism from the modular
invariant to the gluing condition. Consider the extension of the orbifold theory at
R2 = 4α′k given by the simple current φ+ [11]: the boundaries with Qφ+ = 0 at
R2 = 4α′k give back the (k+7) symmetry-preserving Cardy boundaries of the theory
at R2 = α′k: these are obtained from the k + 1 length-two orbits corresponding to
(u+, φ+), (u−, φ−) and (χr, χ4k−r), with r even, and from the three fixed points χ2k,
σ0 and τ0. Furthermore, the boundaries with Qφ+ = 1/2 give the k + 1 symmetry
breaking boundaries at R2 = α′k that we were after: these are the k length-two orbits
(χr, χ4k−r), with r odd, and (σ1, τ1). They can be interpreted as k D0-branes at
xr = πrR/2k, r odd, and as another D1-brane (the symmetry preserving D0-branes
are instead at xr = πrR/2k, r even). The explicit expressions of the symmetry-
breaking boundaries can be read from the matrices (3.18) and (3.19); the boundaries
associated to the orbit (χr, χ4k−r) with r odd are, for instance (r = 1, 3, . . . , 2k − 1):
|χr〉 = 2
(8k)1/4
(
(|u+〉〉 − |φ+〉〉) + (|u−〉〉 − |φ−〉〉) +
√
2
k−1∑
s=1
cos
(πrs
2k
)
(|χ2s〉〉 − |χ4k−2s〉〉)
)
,
(3.22)
where the Ishibashi states are those of the orbifold theory at R2 = 4α′k. As said,
these are also the boundaries of the automorphism modular invariant. Note that for
k odd, these boundaries can also be obtained using directly the simple current φ+
of the theory at R2 = α′k. Finally, for k = 4l + 2 the current φ+ generates another
automorphism modular invariant given by the exchange χr ↔ χk−r for r odd.
In conclusion, we have seen that the orbifold map and its simple-current inverse
relating the bulk theories have a clear extension to the boundary states. These maps
allow to determine complete sets of boundaries for non-charge-conjugate modular
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invariants and some symmetry breaking boundaries; furthermore, they can indicate
a geometric interpretation of the boundary states in the orbifold theories.
The description of the circle and S1/Z2 orbifold theories can be completed by
determining the appropriate Klein and Mo¨bius amplitudes, that project the bulk and
boundary spectrum under the action of the worldsheet parity operation [22]. These
are briefly discussed in Appendix B.
4 Boundary states of c = 1 isolated points
4.1 Chiral algebras of T−O− I orbifolds
Let us now consider the ŜU(2)1/G orbifolds of the circle theory at the self-dual point,
where G is a discrete subgroup of SU(2) [16]. The series of the cyclic groups G = Cn
have elements gl/n, l = 0, ..., n − 1, that rotate of the angle 2πl/n around the J3
axis, where J i, i = 1, 2, 3, are the three SU(2) generators. On the boson field X ,
this action simply amounts to the shift X 7→ X + 2π√α′l/n. The orbifold partition
function is:
Zn ≡ Z(Cn) = 1
n
n−1∑
k,l=0
Z
[gk/n
gl/n
]
, (4.1)
where
Z
[gk/n
gl/n
]
=
1
|η(q)|2
∑
p∈Z, m∈Z+ k
n
e
2πilp
n q
(p+m)2
4 q
(p−m)2
4 . (4.2)
Actually these orbifolds coincide (up to T duality) with the compactified boson the-
ories at the points R2 = α′n2. The second series of orbifolds by the dihedral groups
Dn similarly give points along the orbifold line at radius R
2 = α′n2; actually, the
Dn groups are generated by adding the element exp(iπJ1) to Cn whose action on the
bosonic field is precisely the reflection X 7→ −X .
Finally there are the orbifold by the symmetry groups of the regular solids T,O, I,
respectively A4, S4 and A5, or more precisely their lifts to SU(2): SL2(Z3), GL2(Z3)
and SL2(Z5) (In Appendix A we report their character tables). Following Ref.[16], it
is convenient to express the partition functions as sums over the abelian orbifolds of
the mutually commuting subgroups of the non-abelian groups, with all overlappings
removed. The mutually commuting elements of the non-abelian groups A4, S4 and
A5, can be easily visualized in terms of their action on the tetrahedron, cube and
dodecahedron, respectively. For the tetrahedral group we have 4 C3 subgroups that
acts by rotations around axes through the centers of the faces and a D2 generated
by rotations of π around axes passing through the center of opposite edges. The
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partition function is then:
Z(T) =
1
12
(
4 (3Z3 − Z1) + 4Zo(2
√
α′)
)
. (4.3)
A similar analysis for the octahedron and the icosahedron yields the partition func-
tions [16]:
Z(O) =
1
24
(
3(4Z4 − 2Z2) + 4(3Z3 − Z1) + 4Zo(2
√
α′) + 3(4Zo(2
√
α′)− 2Z2)
)
,
Z(I) =
1
60
(
6(5Z5 − Z1) + 10(3Z3 − Z1) + 5(4Zo(2
√
α′)− Z1) + Z1
)
. (4.4)
There is an interesting relation between the orbifold line at radius R2 = 4α′ (4-state
Potts model or ŜU(2)1/D2 model), the tetrahedron and the octahedron, that is due
to the following chain of normal subgroups:
Z2 × Z2 ⊂ T ⊂ O , (4.5)
with O/T = Z2 and T/Z2 × Z2 = Z3. Accordingly, these models are related among
themselves by successive abelian orbifold operations and backward by simple current
extensions. Moreover the O model can be considered as a non-abelian S3 orbifold of
the 4-state Potts model.
The characters of the chiral algebras of the three Ginsparg models can be found as
follows [18]: we express the traces z [gh] in the various orbifold sectors in terms of θ
functions, using the formulae,
Zn =
1
n
2n−1∑
r=0
n−1∑
s=0
∣∣∣θ[r/2ns/n ](q)∣∣∣2 , (4.6)
where the θ functions are defined as follows,
θ[ab ](q) ≡
Θ[ab ](q
2)
η(q)
, Θ[ab ] (q) ≡
∑
m∈Z
q
1
2
(m−a)2e−2πimb . (4.7)
Then, we can express the orbifold characters using Eq. (3.13) and the character tables
for SL2(Z3), GL2(Z3) and SL2(Z5) (Appendix A). The result for the tetrahedron
characters is shown hereafter [18], while the other cases are listed in Appendix C.
T. The field content of the tetrahedron model consists of 21 chiral fields: 7 in
the untwisted sector, 2 in the Z2-twisted sector and 6 for each of the two Z3-twisted
sectors. In the untwisted sector, we find (i = 0, 1, 2):
ui =
1
12
θ[00] +
ωi
3
θ
[
0
1/3
]
+ ω
i
3
θ
[
0
2/3
]
+ 1
4
θ
[
0
1/2
]
, h = 0, 4, 4 ,
j = 1
4
θ[00]− 14θ
[
0
1/2
]
, h = 1 ,
φi =
1
6
θ
[
1/2
0
]
− ωi+2
3
θ
[
1/2
1/3
]
− ωi+2
3
θ
[
1/2
2/3
]
, h = 1
4
, 9
4
, 9
4
,
(4.8)
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where ω = exp(2iπ/3). We can see that the identity representation of ŜU(2)1 de-
composes according to the representation of A4 ⊂ SL2(Z3) while the spin one-half
representation according to those SL2(Z3) representations that are projective A4 rep-
resentations. The two characters in the Z2-twisted sector,
σ = 1
2
θ
[
1/4
0
]
+ 1
2
θ
[
1/4
1/2
]
, h = 1
16
,
τ = 1
2
θ
[
1/4
0
]
− 1
2
θ
[
1/4
1/2
]
, h = 9
16
,
(4.9)
clearly reflect the structure of their Z2 stabilizer as in the orbifold line. Finally the
Z3-twisted characters (i = 0, 1, 2),
ω+i =
1
3
θ
[
1/3
0
]
+ ω
i
3
θ
[
1/3
1/3
]
+ ω
i
3
θ
[
1/3
2/3
]
, h = 1
9
, 4
9
, 16
9
,
ω−i =
1
3
θ
[
2/3
0
]
+ ω
i−1
3
θ
[
2/3
1/3
]
+ ω
i−1
3
θ
[
2/3
2/3
]
, h = 1
9
, 4
9
, 16
9
,
θ+i =
1
3
θ
[
1/6
0
]
+ ω
i
3
θ
[
1/6
1/3
]
+ ω
i
3
θ
[
1/6
2/3
]
, h = 1
36
, 25
36
, 49
36
,
θ−i =
1
3
θ
[
5/6
0
]
+ ω
i−1
3
θ
[
5/6
1/3
]
+ ω
i−1
3
θ
[
5/6
2/3
]
, h = 1
36
, 25
36
, 49
36
,
(4.10)
organize according to the representations of Z3. From the explicit form of the char-
acters we can calculate the modular S matrix. The result (multiplied by 12
√
2) is:
uj j φj σ τ ω
+
j ω
−
j θ
+
j θ
−
j
ui 1 3 2 6 6 4ω
i 4ωi 4ωi 4ωi
j 3 9 6 −6 −6 0 0 0 0
φi 2 6 −4 0 0 −4ωi −4ωi 4ωi 4ωi
σ 6 −6 0 6√2 −6√2 0 0 0 0
τ 6 −6 0 −6√2 6√2 0 0 0 0
ω+i 4ω
j 0 −4ωj 0 0 4α2ωi+j 4α2ωi+j 4αω2i+j 4αω2i+j
ω−i 4ω
j 0 −4ωj 0 0 4α2ωi+j 4α2ωi+j 4αω2i+j 4αω2i+j
θ+i 4ω
j 0 4ωj 0 0 4αωi+2j 4αωi+2j 4βωi+j 4βωi+j
θ−i 4ω
j 0 4ωj 0 0 4αωi+2j 4αωi+2j 4βωi+j 4βωi+j
(4.11)
where i, j = 0, 1, 2, α = exp(2iπ/9) and β = exp(iπ/9).
The complex S matrix implies a non-trivial conjugation for this model. Actually
there are five self-conjugate fields corresponding to {u0, j, φ0, σ, τ} while the fields
{u1, φ1, ω+i , θ+i } are mapped to {u2, φ2, ω−i , θ−i }. As a consequence there exist both
the charge-conjugation and the diagonal modular invariant. The fields ui form a
Z3 group of simple currents that allow the extension of the tetrahedron to the 4-
state Potts model. Furthermore the untwisted field fusion rules coincide with the
representation algebra of the group T as expected from the general discussion in
Ref.[18].
O. The octahedron model contains 28 chiral fields: eight from the untwisted sector
{u±, uf , j±, φ±, φf}, two from the Z2-twisted sector {µr}, r = 0, 1, six from the Z3-
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twisted sector {ωi, θi}, i = 0, 1, 2, and twelve from the Z4-twisted sector {αk, βk, σ±, τ±},
k = 0, 1, 2, 3. This notation reflects the Z2-orbifold relation with the T model. Actu-
ally the uf and the φf characters originate from the identification of the u1, u2 and of
the φ1, φ2 characters of the tetrahedron whereas u±, j±, φ±, σ± and τ± arise from the
splitting of the corresponding characters in the T model. To these five fixed points
correspond 10 new twisted fields and finally the fields in the two Z3-twisted sectors
are pairwise identified, resulting in only one Z3-twisted sector. The simple current
that extends the octahedron model back to the tetrahedron is the chiral field u−. The
octahedron S matrix (multiplied by 24
√
2) is:
u± uf j± φ± φf µs σ± τ± ωj θj αl βl
u± 1 2 3 2 4 ±12 6 6 8 8 ±6 ±6
uf 2 4 6 4 8 0 12 12 −8 −8 0 0
j± 3 6 9 6 12 ±12 −6 −6 0 0 ∓6 ∓6
φ± 2 4 6 −4 −8 0 0 0 −8 8 ±6
√
2 ∓6√2
φf 4 8 12 −8 −16 0 0 0 8 −8 0 0
µr ±12 0 ±12 0 0 12
√
2ǫrs 0 0 0 0 0 0
σ± 6 12 −6 0 0 0 6
√
2 −6√2 0 0 ±cl ±sl
τ± 6 12 −6 0 0 0 −6
√
2 6
√
2 0 0 ±sl ∓cl
ωi 8 −8 0 −8 8 0 0 0 aij bij 0 0
θi 8 −8 0 8 −8 0 0 0 bji dij 0 0
αk ±6 0 ∓6 ±6
√
2 0 0 ±ck ±sk 0 0 qkl rkl
βk ±6 0 ∓6 ∓6
√
2 0 0 ±sk ∓ck 0 0 rlk skl
where we have introduced the matrices,
ǫrs = (−1)r+s , ck = (−1)k12 cos(π/8) , sk = (−1)k12 sin(π/8) ,
aij = 16Re (α
2ωi+j) , bij = 16Re (αω
2i+j) , dij = 16Re (βω
i+j) ,
qkl = 12Re
(
e−
iπ
16 il+k
)
, rkl = 12Re
(
e−
3iπ
16 il−k
)
,
skl = 12Re
(
e−
9iπ
16 (−i)l+k
)
, (4.12)
with indices i, j = 0, 1, 2 and k, l = 0, 1, 2, 3. In this case the S matrix is real and
there is only the diagonal modular invariant.
I. Finally the icosahedron field content amounts to 37 chiral fields whose characters
are listed in Appendix C together with the S matrix. There are nine fields in the
untwisted sector {ui, φj}, with i = 0, ..., 4 and j = 1, ..., 4, two fields in the Z2-twisted
sector {σ, τ}, six in the Z3-twisted sector {ωi, θi}, i = 0, 1, 2 and twenty in the Z5-
twisted sector {πk, ρk, λk, ξk}, k = 0, ..., 4. In this theory the S matrix is also real
and there is the diagonal modular invariant only. Furthermore, there are no simple
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currents among the chiral fields of the icosahedron model, in agreement with the fact
that it can not be obtained through a sequence of abelian orbifold operations as the
T and the O models.
In studying these orbifolds one should also allow for the presence of discrete torsion
[29]; the different possibilities are classified by H2(G,U(1)) that, in our case, is non-
trivial and equal to Z2 for G = D2n,T,O, I. Nevertheless, the D2n orbifolds with or
without discrete torsion are equivalent [17], and the same is expected for the T,O, I
models.
4.2 Boundary states
In the previous Section we have discussed the chiral sectors of the T, O and I orbifold
models. The boundary coefficients for the charge-conjugation modular invariant can
be read from the respective S matrices according to the Cardy formula (2.4). The
result shows some interesting features: let us consider the tetrahedron, for example,
Eq. (4.11). Firstly, we can observe that boundary states corresponding to a given
twisted field are uncharged with respect to fields in different twisted sectors: actually,
the S matrix vanishes on the corresponding block entries.
Secondly, the untwisted boundary states can again be interpreted as fractional
branes. The first four states of the tetrahedron, |ui〉, |j〉, i = 0, 1, 2, come from the
splitting of the D0 brane at the north pole of ŜU(2)1 while the next three, |φi〉,
come from the D0 brane at the south pole. The fractional nature of these branes is
confirmed by the number of possible marginal deformations, respectively 0, 2 and 1,
thus showing that the number of directions of motion is lower than the 3 displacements
of the original D0 brane in the SU(2) three-sphere. The boundary operator content
is given by the annulus amplitudes (i = 0, 1, 2):
Aui,u∗i = u0 ,
Aj,j = u0 + u1 + u2 + 2 j ,
Aφi,φ∗i = u0 + j ,
Aσ,σ = Aτ,τ =
2∑
i=0
ui + j +
2∑
i=0
φi + 2σ + 2τ ,
Aω±i ,ω
∓
i
= Aθ±i ,θ
∓
i
= u0 + j + σ + τ . (4.13)
These amplitudes and the boundary states associated to the twisted fields |σ〉, |τ〉,
|ω±i 〉 and |θ±i 〉, i = 0, 1, 2, could be further understood by studying the geometry
of the orbifold space. The Cardy states of the octahedron and icosahedron models
present a similar pattern of fractional and twisted branes.
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Let us now discuss the boundary states for the diagonal modular invariant of
the tetrahedron: there are five Ishibashi states corresponding to the self-conjugate
fields {u0, j, φ0, σ, τ}, and therefore we expect five boundary states. We use the same
method applied to the diagonal modular invariant of the compactified boson, namely
we obtain them from the octahedron by a simple current extension, the relevant
integer-spin current being J = u−. Actually, the Z2 symmetry R in O = T/R
induces as automorphism of the tetrahedron fusion rules precisely the charge con-
jugation. The boundaries for the tetrahedron with conjugation modular invariant
that preserve only the T/R orbifold subalgebra then coincide with the symmetry
preserving boundaries for the theory with diagonal modular invariant.
Under the action of J , the ten octahedron boundary states that correspond to the
fields in theR-twisted sector combine in pairs. Explicitly J maps the boundaries |µ0〉,
|α0〉, |α1〉, |β0〉 and |β1〉 respectively to |µ1〉, |α2〉, |α3〉, |β2〉 and |β3〉. The boundary
coefficients are:
Bai =
Sa,i + SJ(a),i√
2S0,i
, (4.14)
where Sij is the S matrix of the octahedron. The resulting boundary coefficients are
non zero only for the following five combinations of octahedron Ishibashi states:
|u+〉〉 − |u−〉〉 , |j+〉〉 − |j−〉〉 , |φ+〉〉 − |φ−〉〉 ,
|σ+〉〉 − |σ−〉〉 , |τ+〉〉 − |τ−〉〉 , (4.15)
that are precisely the T Ishibashi states resulting from the gluing ΩR. In this basis
the reflection coefficients are:
R =
1
2
√
2

1 −1 √2
√
2 +
√
2
√
2−√2
1 −1 √2 −
√
2 +
√
2 −
√
2−√2
1 −1 −√2
√
2−√2 −
√
2 +
√
2
1 −1 −√2 −
√
2−√2
√
2 +
√
2
2 2 0 0 0
 . (4.16)
As already said, we can interpret these states as the five symmetry-preserving bound-
aries for the tetrahedron diagonal invariant. We have explicitly verified that the
annulus amplitudes for the five boundaries in (4.16) are consistent and that the co-
efficient Aiab give a five dimensional representation of the fusion algebra (reported in
Appendix C). We have also verified that these boundaries, interpreted as symmetry
breaking boundaries for the tetrahedron with conjugation modular invariant, have
consistent overlaps with the usual Cardy states and that the corresponding annu-
lus amplitudes contain, as expected, the twisted characters of the octahedron. For
instance two of the Ai,a, a = 1, ..., 5 are:
Au0,1 = α0 + α2 , Aj,5 = 3µ0 + 3µ1 . (4.17)
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Finally, the Klein and Mo¨bius amplitudes for the T−O− I models, in particular
those for the diagonal T model, are discussed in Appendix B.
5 c = 3/2 superconformal field theories
5.1 Moduli space
The partition functions of N = 1 superconformal theories can be written in general
as follows [31]:
Z =
1
2
(
ZNS + ZN˜S + ZR ± ZR˜
)
, (5.1)
where the four terms correspond to antiperiodic (a) and periodic (p) boundary condi-
tions for the supercurrent G along the two non-trivial cycles of the torus: respectively,
(a, a), (p, a), (a, p) and (p, p). The last term is the Witten index ZR˜ = TrR(−1)F ;
the two choices of the sign are related by the Z2 symmetry (−1)Fs , that takes the
value +1 on states in the NS-NS sector and the value −1 on states in the R-R sector.
Actually, one theory is the orbifold of the other by (−1)Fs .
The simplest realization of superconformal symmetry at c = 3/2 is given by the
theory of a free N = 1 superfield, made by the boson field X compactified on a circle
of radius R and by the Majorana fermion ψ. The partition function for this system
is the product of the familiar lattice sum (3.1) for the boson, and of the fermion
partition function summed over the spin structures:
Zc(R) =
∑
n,m∈Z
Γn,m
(|o|2 + |v|2 + |s|2) . (5.2)
The fermion contribution is expressed in terms of the characters of the Ising model
[23]:
o = 1
2
(√
θ3
η
+
√
θ4
η
)
, h = 0 ,
v = 1
2
(√
θ3
η
−
√
θ4
η
)
, h = 1
2
,
s =
√
θ2
2η
, h = 1
16
.
(5.3)
whose S matrix is
S =
1
2
 1 1
√
2
1 1 −√2√
2 −√2 0
 . (5.4)
The free superfield compactified on a circle describes the first family of supercon-
formal field theories, parametrized by the radius R. These theories possess one R-R
ground state and the Witten index vanishes. Again, the radii R and α′/R are related
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by T -duality. At the self-dual radius R =
√
α′ there is an N = 3 superconformal al-
gebra, resulting from the combination of the affine ŜU(2)1 symmetry with the N = 1
superconformal symmetry.
The moduli space of c = 3/2 superconformal theories has been investigated in
Ref.[17] by identifying the discrete symmetries of a given family of models and by
building new models by various orbifold constructions. Let us summarize these re-
sults. The discrete symmetries present at generic values of the circle radius are: the
reflection,
P : X 7→ −X , ψ 7→ −ψ , (5.5)
and the previously mentioned (−1)Fs . Furthermore, one can identify X modulo trans-
lations by integer fractions of the compactification radius,
δn : X ∼ X + 2πR
n
, ψ 7→ ψ . (5.6)
The resulting model is again the compactified superfield theory at radius R/n. New
models were obtained by combining δ2 and the other two involutions. As shown in
[17], the relevant cases are P, (−1)FsP and (−1)Fsδ2.
The Z2 orbifold by the symmetry P is described by the superfield compactified on
the interval of length πR, with partition function:
Zo(R) =
1
2
( ∑
n,m∈Z
Γn,m +
∣∣∣∣√2ηθ2
∣∣∣∣2 + ∣∣∣∣√2ηθ4
∣∣∣∣2 + ∣∣∣∣√2ηθ3
∣∣∣∣2
)(|o|2 + |v|2 + |s|2) . (5.7)
The T-duality is Zo(R) = Zo (α
′/R) ; the circle line meets the orbifold line at the
self-dual radius, Zo(
√
α′) = Zc(
√
4α′). Theories on the orbifold line possess three R-R
ground states, u+su+s, σ0oσ0o and σ1oσ1o and Witten index equal to three.
Using (−1)FsP instead of P, one obtains a very similar model that is nothing else
than the orbifold by (−1)Fs of the previous theory, called the orbifold-prime theory
[17]. Actually, the simple current u−v of the orbifold theory implements the (−1)Fs
symmetry; the partition function reads:
Zo′(R) =
1
2
( ∑
n,m∈Z
Γn,m +
∣∣∣∣√2ηθ2
∣∣∣∣2
)(|o|2 + |v|2)+ 1
2
( ∑
n,m∈Z
Γn,m −
∣∣∣∣√2ηθ2
∣∣∣∣2
)
|s|2
+
1
2
(∣∣∣∣√2ηθ4
∣∣∣∣2 − ∣∣∣∣√2ηθ3
∣∣∣∣2
)
(ov + vo) +
1
2
(∣∣∣∣√2ηθ4
∣∣∣∣2 + ∣∣∣∣√2ηθ3
∣∣∣∣2
)
|s|2 . (5.8)
At the rational points R =
√
α′k, this partition function can be rewritten in terms of
the characters of the rational c = 1 S1/Z2 orbifold (3.15):
Zo′(
√
α′k) =
(|u+|2 + |u−|2 + |φ+|2 + |φ−|2) (|o|2 + |v|2)
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+
(
u+u− + u−u+ + φ+φ− + φ−φ+
) |s|2 + k−1∑
r=1
|χr|2
(|o|2 + |v|2 + |s|2)
+
1∑
i=0
[
(σiτ i + τiσi) (ov + vo) +
(|σi|2 + |τi|2) |s|2] . (5.9)
From this expression, it is clear that there are no R-R ground states since the char-
acters u+s, σ0o and σ1o now appear in off-diagonal combinations.
The orbifold of the circle theory by (−1)Fsδ2 yields the so-called super-affine line,
whose partition function is:
Zsa(R) =
∑
n,m∈Z
Γ2n,m
(|o|2 + |v|2)+ ∑
n,m∈Z
Γ2n+1,m|s|2
+
∑
n,m∈Z
Γ2n+1,m+ 1
2
(ov + vo) +
∑
n,m∈Z
Γ2n,m+ 1
2
|s|2 . (5.10)
The rational theories at radii R =
√
2α′m display 12m sectors and their partition
functions can be written, for m even (r = −2m+ 1, ..., 2m):
Zsa
(√
2α′m
)
=
∑
r even
|χr|2
(|o|2 + |v|2)+ ∑
r odd
|χr|2|s|2
+
∑
r even
χrχr+2m|s|2 +
∑
r odd
χrχr+2m (ov + vo) , (5.11)
and for m odd,
Zsa
(√
2α′m
)
=
∑
r even
|χro+ χr+2mv|2 +
2m−1∑
r=1, odd
|(χr + χr+2m)s|2 . (5.12)
These modular invariants are easily understood noticing that they can be obtained as
simple current constructions of the circle theory. The simple current is the field χ2mv
of the circle theory whose conformal dimension is h = (m+ 1)/2 and hence we have
an automorphism or extension modular invariant for m even or odd, respectively.
Note that the rational partition functions (5.11), (5.12) are written for the diagonal
pairing of charges; one should also bear in mind the analogous expressions with charge-
conjugation pairing, e.g. |χr|2 → χrχ−r.
The T-duality of the super-affine line is Zsa(R) = Zsa (2α
′/R). At the self-dual
point R =
√
2α′ there is a super-affine ŜO(3)1 symmetry and the partition function
can be rewritten in terms of the affine characters:
O3 =
1
2
[(
θ3
η
)3/2
+
(
θ4
η
)3/2]
,
V3 =
1
2
[(
θ3
η
)3/2
−
(
θ4
η
)3/2]
,
S3 =
1√
2
(
θ2
η
)3/2
. (5.13)
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There are no R-R ground states on the super-affine line. The super-affine and the
orbifold-prime lines intersect at the point: Zsa(
√
4α′) = Zo′(
√
α′).
The fifth and final family of theories is called the super-orbifold line and is obtained
by orbifolding the super-affine line by P [17]. Let us present the partition function
directly at the rational points R =
√
2α′m: they are simple current modular invariants
of the orbifold, the simple current being φ+v with conformal weight h = (m + 1)/2.
As for the super-affine line we have to distinguish between even and odd values of m:
the first case gives the automorphism modular invariants,
Zso
(√
2α′m
)
=
(|u+|2 + |u−|2 + |φ+|2 + |φ−|2) (|o|2 + |v|2)
+
(
u+φ+ + φ+u+ + u−φ− + φ−u−
) |s|2 + m−1∑
r=1
|χ2r|2
(|o|2 + |v|2)
+
m∑
r=1
|χ2r−1|2|s|2 +
m−1∑
r=1
χ2rχ2m−2r|s|2 +
m∑
r=1
χ2r−1χ2m−2r+1 (ov + vo)
+
(|σ0|2 + |τ0|2) (|o|2 + |v|2 + |s|2)
+ (σ1τ 1 + τ1σ1) (ov + vo) +
(|σ1|2 + |τ1|2) |s|2 . (5.14)
The odd m case gives extension modular invariants:
Zso
(√
2α′m
)
= |u+o+ φ+v|2 + |φ+o+ u+v|2 + |u−o+ φ−v|2 + |φ−o+ u−v|2
+
m−1∑
r=1
|χ2ro+ χ2m−2rv|2 +
m−1
2∑
r=1
|χ2r−1 + χ2m−2r+1|2|s|2 + 2|χms|2
+ |σ1o+ τ1v|2 + |τ1o+ σ1v|2 + 2(|σ0|2 + |τ0|2)|s|2 . (5.15)
Theories along this line possess one R-R ground state. The super-orbifold line crosses
both the orbifold-prime and the circle line: Zso(
√
4α′) = Zo′(
√
4α′) and Zso(
√
2α′) =
Zc(
√
2α′).
The five lines of theories are schematically drawn in Fig.1 [17]. The pattern is
more easily understood in terms of the chiral algebras underlying the various families
of rational theories, at the particular rational points considered before. There are
only two independent chiral algebras: the direct product of the Ising-model algebra
with either the Û(1)k or the Û(1)k/Z2 algebra. The first one describes the circle
and super-affine lines, the second applies to the orbifold, the orbifold-prime and the
super-orbifold lines. Different lines for the same chiral algebra correspond to modular
invariants generated by Z2 simple currents: the current χ2mv of the circle theories
yields the super-affine line, and the currents u−v and φ+v of the orbifold algebra
produce the orbifold-prime and the super-orbifold lines, respectively.
We now consider orbifolds by discrete symmetries that exist at particular points
on the moduli space [17]. One natural possibility is represented by the self-dual point
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2
Rsa
√
2
1
Rso
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11√
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√
2
Figure 1: The continuous lines of c = 3/2 superconformal theories: the values of
the compactification radii Rc, Ro, Ro′, Rso and Rsa, are shown for α
′ = 1/2: they
parametrize the circle, orbifold, orbifold-prime, super-orbifold and super-affine theo-
ries, respectively [17].
along the circle line: modding out Zc(
√
α′) by the SU(2) discrete subgroups, one finds
the product of the corresponding c = 1 theories times the Majorana fermion. More
interesting N = 1 superconformal models can be constructed as orbifolds of the super-
affine theory at the self-dual point R =
√
2α′, that displays the ŜO(3)1 symmetry.
Actually, this theory can be realized by three Majorana fermions ψi, i = 1, 2, 3, and
the supercurrent G = − 1
12
ǫijkψ
iψjψk is SO(3) invariant; thus, the quotient by the
discrete subgroups of SO(3) does not spoil the superconformal symmetry. The Cn-
orbifolds yield points along either the super-affine or the circle line (we set 2α′ = 1
here):
Z(C2n+1) = Zsa (2n + 1) , Z(C2n) = Zc (n/2) . (5.16)
One similarly finds that:
Z(D2n+1) = Zso (2n+ 1) , Z(D2n) = Zo (n/2) , Z(D
′
2n) = Zo′ (n/2) . (5.17)
The second theory for theD2n orbifolds, namely Z(D
′
2n), is found by introducing a Z2
discrete torsion (in the following, the models with discrete torsion will be labeled by
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a prime). Finally, the orbifolds of the self-dual super-affine theory by the non-abelian
groups A4, S4 and A5 produce six isolated points: T,O, I and T
′,O′, I′ that will be
discussed in Section 6.
5.2 Boundary states for the superconformal lines
The boundary states for the circle line are easily obtained as combinations of the
boundary states for the compactified boson and the Majorana fermion (see Eqs.(3.3),(5.4)).
Restricting ourselves to the rational case R2 = α′k, we have:
|r, o〉c = 1
(8k)1/4
k∑
ℓ=−k+1
e−
iπrl
k
(
|ℓ〉〉|o〉〉+ |ℓ〉〉|v〉〉+
√
2|ℓ〉〉|s〉〉
)
,
|r, v〉c = 1
(8k)1/4
k∑
ℓ=−k+1
e−
iπrl
k
(
|ℓ〉〉|o〉〉+ |ℓ〉〉|v〉〉 −
√
2|ℓ〉〉|s〉〉
)
,
|r, s〉c = 1
(2k)1/4
k∑
ℓ=−k+1
e−
iπrl
k (|ℓ〉〉|o〉〉 − |ℓ〉〉|v〉〉) , (5.18)
where |ℓ〉〉|o〉〉, |ℓ〉〉|v〉〉 and |ℓ〉〉|s〉〉, are the products of Ishibashi states for the rational
boson and the Ising model (there are 6k boundary states in total). According to
the values of the boundary coefficients for the R-R fields, the three types of bound-
ary states in (5.18) can be considered as positively charged, negatively charged and
uncharged boundary states, respectively.
On the super-affine line at R2 = α′k with k = 2m, one expects 3m boundary
states: they can be obtained acting on the boundaries of the circle with the opera-
tion (−1)Fsδ2 or equivalently with the simple current J = χ2mv, that is freely act-
ing. Therefore, there are neither fixed points nor fractional branes and the invariant
boundary states are made of pairs, as follows:
|r, o〉sa = 1√
2
(|r, o〉c + |r + k, v〉c) , r = 0, ..., 2k − 1,
|r, s〉sa = 1√
2
(|r, s〉c + |r + k, s〉c) , r = 0, ..., k − 1 . (5.19)
For m odd the bulk modular invariant is of extension type and the boundaries |r, o〉sa
with r odd are breaking the extended symmetry.
The Cardy boundary states of the orbifold line are again products of boundary
states for the bosonic orbifold with states for the Ising model, for a total of 3(k + 7)
boundary states. They are labeled by the corresponding fields: in the untwisted NS
sector, there are u±I, φ±I, χrI, with I = o, v; in the untwisted R sector, u±s, φ±s, χrs;
in the twisted NS sector, σis, τis, with i = 0, 1; finally, in the twisted R sector, σiI, τiI,
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I = o, v. We can distinguish them according to their R-R charges, taking into account
that in this case both untwisted and twisted charges appear. For instance, the states
|u±I〉, have both untwisted and twisted charges, while the states |u±s〉 carry only
twisted charges.
Starting from this set of boundary states and acting with the Z2 simple current J =
φ+v we can obtain the boundary states for the super-orbifold line. From the partition
function (5.14,5.15), we expect (3m+15) Ishibashi states at radius R2 = α′k = 2α′m.
Under the action of the simple current, 6(m + 3) boundaries are combined in pairs,
while 3 of them are fixed, leading to the required 3m+ 15 boundary states. In order
to construct these boundary states, we must know the orbits of the simple current:
the three fixed points are χms, σ0s and τ0s; the representations,
u±o, φ±o, χro, σ0o, τ0o, σ1o, τ1o , r = 1, . . . , 2m− 1 , (5.20)
are respectively paired with the representations,
φ±v, u±v, χ2m−rv, σ0v, τ0v, τ1v, σ1v , (5.21)
while the representations,
u±s, χrs, σ1s , r = 1, ..., m− 1 , (5.22)
are paired with
φ±s, χ2m−rs, τ1s . (5.23)
Again the boundary states of the super-orbifold follow, for m even, the general
pattern described in [10] for automorphism modular invariants generated by a Z2
current of half-integer spin. In particular we have a set of 3m+9 invariant boundaries
in one-to-one correspondence with the length-two orbits of the simple current, as in
Equation (2.14). In addition there are six fractional boundary states, two for each of
the fixed points of the simple current. These boundary states have the form displayed
in (2.15) with the fixed-point S˜-matrix equal to that of the Ising model (5.4) in the
basis {|σ0〉〉|s〉〉, |τ0〉〉|s〉〉, |χm〉〉|s〉〉}.
Finally the boundary states for the orbifold-prime line can be obtained acting with
the simple current J = u−v on the orbifold states. All the states labeled by NS fields
are paired and give (k + 5) boundary states, while among those labeled by Ramond
fields, 12 are paired and (k−1) are fixed. The total number of boundaries is (3k+9),
in agreement with the number of Ishibashi states (see Eq.(5.9)).
The (k − 1) fixed boundary states,
|r, s〉o =
(
2
k
)1/4 [
|u+〉〉+ |u−〉〉+ (−1)r|φ+〉〉+ (−1)r|φ−〉〉
+
k−1∑
l=1
√
2 cos
(
πrl
k
)
|l〉〉
]
(|o〉〉 − |v〉〉) , r = 1, ..., k − 1, (5.24)
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give rise to new boundaries that differ by their charges with respect to the (k − 1)
R-R fields χrs, with r = 1, ..., k − 1:
|r, s, ±〉o′ = 1
(2k)1/4
[
|u+〉〉+ |u−〉〉+ (−1)r|φ+〉〉+ (−1)r|φ−〉〉
+
k−1∑
l=1
√
2 cos
(
πrl
k
)
|l〉〉
]
(|o〉〉 − |v〉〉)
± 1
(2k)1/4
k−1∑
l=1
2 sin
(
πrl
k
)
|l〉〉|s〉〉 , r = 1, ..., k − 1 . (5.25)
One can check that these states give consistent annulus amplitudes.
6 Superconformal T-O-I models
In this Section we find the chiral fields for the superconformal T-O models and then
describe their boundary states. The discussion parallels that of the three c = 1
models: we start from the self-dual point on the super-affine line and mod it by
the symmetry groups A4, S4 and A5. Taking into account the discrete torsion, one
obtains three further models, T′, O′, I′, that can also be realized as (−1)Fs orbifolds
of the torsionless T, O, I models (recall that (−1)Fs also relates the orbifold and the
orbifold-prime line). Note that the two triples differ in the number of R-R ground
states.
The Tmodel can also be realized as a Z3 orbifold of the theory made by the product
of three Ising models, that is found at R =
√
2α′ on the orbifold line. From the chain
of inclusions (4.5), it is then clear that the O model can be obtained as a permutation
orbifold of the triple Ising theory, i .e. as a non-abelian S3 orbifold: (Ising)
⊗3/Z3 = T
and (Ising)⊗3/S3 = O. General expressions for permutation orbifolds have been given
in Ref.[32], and agree with our findings.
The characters and S matrices for the superconformal T andOmodels are reported
in Appendix D; they are obtained as in the bosonic case (4.3-4.4), by first expanding
the partition functions in terms pertaining to the mutually commuting subgroups of
T−O (5.16,5.17), and then by expressing the latter in terms of Θ functions (Eq.(4.7)),
using the identities (for R2 = 2α′n):
∑
p,w∈Z
1± (−1)p
2
Γp,w =
1
2n|η(q)|2
2n−1∑
r=0
2n−1∑
s=0
1± (−1)r
2
∣∣∣Θ[r/2ns/2n] (q)∣∣∣2 , (6.1)
∑
p,w∈Z
1± (−1)p
2
Γp,w+ 1
2
=
1
2n|η(q)|2
2n−1∑
r=0
2n−1∑
s=0
1± (−1)r+n
2
(−1)s
∣∣∣Θ[r/2ns/2n] (q)∣∣∣2 .
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Let us now describe the modular invariant partition functions and the correspond-
ing boundaries for these models.
T. The field content of the superconformal T model consists of 35 fields: 22 of them
belong to the NS sector and 13 to the R sector (see Appendix D for notations and
explicit expressions). There are several modular invariants: first of all the S matrix is
complex and therefore the conjugation and diagonal invariants are distinct. Moreover,
starting from the charge-conjugation modular invariant Z(Tc), we can obtain three
further modular invariants using two Z2 operations. The first is the orbifold by (−1)Fs:
this is obtained through the action of the simple current ξ0, that is the primary field
containing the supercurrent, as usual. The second is the exchange σv ↔ τo, that is
an automorphism of the fusion rules. The resulting partition functions are:
Z(Tc) =
(|σo|2 + |σv|2 + |τo|2 + |τv|2)+∑
i
χiχi∗ ,
Z(Tca) =
(|σo|2 + σvτo + τoσv + |τv|2)+∑
i
χiχi∗ ,
Z(T′c) = (σoτv + τvσo + σvτo + τoσv) +
∑
i
χiχi∗ ,
Z(T′ca) =
(
σoτv + τvσo + |σv|2 + |τo|2
)
+
∑
i
χiχi∗ . (6.2)
In these expressions, the index i runs over all the fields not explicitly present in the
first parenthesis, the prime indicates the presence of discrete torsion and the subscript
a stands for the previous automorphism. The diagonal modular invariant Z(Td)
similarly generates three other partition functions, that are denoted by Z(Tda), Z(T
′
d)
and Z(T′da); they differ from the expressions (6.2) by the substitution
∑
i χiχi∗ →∑
i χiχi.
The boundary states for the model T′c with discrete torsion are given by the action
of the simple current ξ0 on the Cardy boundaries of the Tc model. The expected
number of 31 boundary states is reproduced, because the simple current ξ0 acting on
the tetrahedron chiral fields forms 13 length-two orbits and 9 fixed points.
The boundary states for the Tda model can be obtained by using the simple-current
extension from the O model, as already found in the bosonic case (Section 4); this
will be discussed further below. The T′da model can also be analyzed by combining
the previous two approaches. Unfortunately, the boundaries for the other four cases
Tca, T
′
ca, Td and T
′
d do not seem to follow from simple-current constructions.
O. We now turn to the discussion of the supersymmetric octahedron model. This
possesses 49 primary fields, 30 belonging to the NS sector and 19 to the R sector, that
are all self-conjugate (see Appendix D for the character list and the S matrix). There
are three simple currents, u−, v+, v−, that form the group Z2 × Z2 and can be used
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to build several modular invariants. The current u− has integer spin and give the
extension of the octahedron to the tetrahedron; the current v+ has half-integer spin
and contains the supercurrent: the corresponding modular invariant coincide with
the orbifold by (−1)Fs, namely O′. Finally, the current v− has half-integer spin and
yields a new automorphism modular invariant, that is named Z(O˜). The expressions
of these modular invariants are, besides the diagonal one:
Z(O′) = (µ0vµ1o + µ0oµ1v + σo+τ v+ + σo−τ v− + c.c.) +
∑
i
|χi|2 , (6.3)
Z(O˜) =
(
α0β2 + α1β3 + α2β0 + α3β1 + ρ+ρ− + σo+τ v− + σo−τ v+ + c.c.
)
+
∑
i
|χi|2 , (6.4)
Z(O˜′) = (α0β2 + α1β3 + α2β0 + α3β1 + ρ+ρ− + µ0vµ1o + µ0oµ1v
+ σo+σo− + τv+τ v− + c.c.) +
∑
i
|χi|2 , (6.5)
where again the sums over |χi|2 contain all the fields not explicitly written in the
expressions. Let us discuss these partition functions in turn.
O′. In this model there are 41 Ishibashi states and the simple current v+ has
precisely 19 length-two orbits and 11 fixed points, corresponding to the chiral fields
ρ±, ρ, osv, Λi, and γi.
O˜. There are 35 Ishibashi states: under the action of v−, the octahedron fields
form 21 orbits of length two and seven fixed points, that split developing charges
with respect to the seven twisted characters ρ, osv, Λi, i = 0, 1, 2, and µαs, α = 0, 1.
The boundary coefficients Rai (multiplied by 48
√
2) of the resulting 14 boundaries
w.r.t. to the Ishibashi states of the twisted fields (see Eqs.(2.15),(2.16)), are the
following:
· · · ρ osv Λ0 Λ1 Λ2 µβs
· · · · · · · · · · · · · · · · · · · · · · · ·
|ρ,±〉 · · · 0 0 ±16√3 ±16√3 ±16√3 0
|osv,±〉 · · · 0 0 0 0 0 ±24√2(−1)β
|Λ0,±〉 · · · ±16
√
3 0 ∓32s2 ∓32s4 ±32s1 0
|Λ1,±〉 · · · ±16
√
3 0 ∓32s4 ±32s1 ∓32s2 0
|Λ2,±〉 · · · ±16
√
3 0 ±32s1 ∓32s2 ∓32s4 0
|µαs,±〉 · · · 0 ±24
√
2(−1)α 0 0 0 ±24
where s1 = sin(π/9), s2 = sin(2π/9) and s4 = sin(4π/9).
O˜′. There are 31 Ishibashi states: the corresponding boundaries can be obtained by
acting on the boundaries of the O models with the full simple-current group Z2×Z2.
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The boundary states for the Tda model are obtained from the O model, as follows.
The Z2 symmetry R relating the tetrahedron and octahedron models, T/R = O,
induces the automorphism of the fusion rules made by the charge-conjugation com-
posed with the exchange σv ↔ τo. The 9 boundary states for the Z(Tda) modular
invariant are obtained from the 18 boundary states of the octahedron corresponding
to the R-twisted sector, namely {αk, βk, γk, µαI}, with k = 0, . . . , 3, α = 0, 1 and
I = o, v, s. They are coupled by the simple current u− according to:
(α0, α1, β0, β1, γ0, γ1, µ0s, µ0o, µ0v) 7→ (α2, α3, β2, β3, γ2, γ3, µ1s, µ1o, µ1v) . (6.6)
Extending the R-twisted sectors of the octahedron, we then obtain the boundary
states for the Tda model. In a similar way one can obtain the boundary states for the
T′da model.
7 Conclusions
In this paper, we have shown a number of interesting features of boundary conformal
field theories on orbifold spaces. The orbifold and simple-current relations between
different theories can be extended to mappings for boundary states; these yield com-
plete sets of boundaries for non-charge-conjugation modular invariants, furnish exam-
ples of symmetry-breaking boundary conditions and can be visualized geometrically.
The non-abelian T − O − I orbifold models at c = 1 and 3/2 present some in-
teresting features. The origin and properties of fractional Dirichlet-like branes are
well understood, while the geometrical interpretation of the branes associated to the
twisted sectors is not complete, lacking a clear picture of the T−O−I orbifold spaces.
The analysis of supersymmetric models could also be developed; in particular, the
study of the modular covariance conditions in the R-R sector, that relate the Witten
index to the Ramond charges [33].
In conclusion, we hope that the models analyzed in this paper will provide a useful
playground for future studies of D-branes.
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A Character tables of the T-O-I groups
|Ca| 1 1 4 4 4 4 6
ia I −I T T−1 −T−1 −T S
u0 1 1 1 1 1 1 1
u1 1 1 ω ω ω ω 1
u2 1 1 ω ω ω ω 1
j 3 3 0 0 0 0 −1
φ0 2 −2 −1 −1 1 1 0
φ1 2 −2 −ω −ω ω ω 0
φ2 2 −2 −ω −ω ω ω 0
|Ca| 1 1 8 8 12 6 6 6
ia I −I T −T−1 E S F −FT
u+ 1 1 1 1 1 1 1 1
u− 1 1 1 1 −1 1 −1 −1
uf 2 2 −1 −1 0 2 0 0
j+ 3 3 0 0 1 −1 −1 −1
j− 3 3 0 0 −1 −1 1 1
φ+ 2 −2 −1 1 0 0
√
2 −√2
φ− 2 −2 −1 1 0 0 −
√
2
√
2
φf 4 −4 1 −1 0 0 0 0
|Ca| 1 1 12 12 12 12 30 20 20
ia I −I T T 2 −T−1 T−2 2E 2H 2H−1
u0 1 1 1 1 1 1 1 1 1
u1 3 3 A A˜ A A˜ −1 0 0
u2 3 3 A˜ A A˜ A −1 0 0
u3 4 4 −1 −1 −1 −1 0 1 1
u4 5 5 0 0 0 0 1 −1 −1
φ1 2 −2 −A −A˜ A A˜ 0 −1 1
φ2 2 −2 −A˜ −A A˜ A 0 −1 1
φ3 4 −4 −1 −1 1 1 0 1 −1
φ4 6 −6 1 1 −1 −1 0 0 0
These are the character tables of the groups: SL2(Z3) (top), GL2(Z3) (center) and
SL2(Z5) (bottom). We used the notations: ω = exp(2iπ/3) A = (1 +
√
5)/2 and
A˜ = (1−√5)/2. The representative elements ia of each conjugacy class are:
I =
(
1 0
0 1
)
, T =
(
1 1
0 1
)
, S =
(
0 −1
1 0
)
, E =
(
1 0
0 −1
)
, F =
(
1 −1
1 1
)
, H =
(
1 2
1 1
)
.
B Amplitudes of non-orientable surfaces
We complete the discussion of the boundary states for the rational CFTs at c = 1
(Sections 3 and 4) by considering the amplitudes on the Klein bottle and the Mo¨bius
strip [22]. These amplitudes project the closed and open spectra onto states invariant
under the world-sheet parity operation Ω. The Klein bottle can be written as:
K =
1
2
∑
i
Ki χi , (B.1)
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where the coefficientsKi are constrained by the requirement of integrality and positiv-
ity of the partition function Z/2+K. Upon S modular transformation, this amplitude
describes the propagation of states in the closed sector between two crosscap states:
K˜ =
∑
i
Γ2i χ˜i , (B.2)
where the Γi are the so-called crosscap coefficients.
The open spectrum is described by the annulus and Mo¨bius amplitudes; the first
one is:
A =
1
2
∑
i,a,b
na nb Aiab χi , (B.3)
where we now sum over all boundaries with multiplicities na, nb. The Mo¨bius ampli-
tude reads:
M = ±1
2
∑
i,a
na M ia χ̂i , (B.4)
where the hatted characters [22] are defined as χ̂ = T−1/2χ and the Mo¨bius coefficients
M ia are again constrained by the requirement of integrality and positivity of the
partition function A+M . The transverse Mo¨bius amplitude is obtained through the
modular transformation P = T 1/2ST 2ST 1/2, and describes the propagation of closed
string states between a boundary and a crosscap:
M˜ = ±
∑
i,a
Γi Bai ˜̂χi . (B.5)
In general, given a bulk conformal field theory one has several choices for the Klein
bottle amplitude [22][9]. These different Klein bottle projections correspond to acting
on the closed and open spectra with a combination of Ω and some other involution
of the theory, that can often be described by simple-current techniques [21][34].
The Cardy solution for the annulus boundaries of the charge-conjugation modu-
lar invariant has been extended to the Klein and Mo¨bius coefficients [9]; it can be
presented in a nice way by introducing the tensor:
Yij
k =
∑
l
SilPjlP
†
kl
S0l
. (B.6)
The ansatz for the crosscap coefficients is:
Γi =
P0i√
S0i
, (B.7)
from which one can derive,
Ki = Yi00 , Mai = Yai0 . (B.8)
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As shown in [21], one can define a modified Klein bottle projection whenever the
model contains a simple current J . The corresponding crosscap coefficients are:
Γi =
PJ,i√
SJ,i
, (B.9)
from which one can derive,
Ki = Yi,J
J , Ma
i = YJ∗(a),J
i . (B.10)
Moreover, this ansatz has been extend to simple-current modular invariants in Ref.[14].
Let us now discuss the compactified boson at c = 1. We have two natural projec-
tions: Ω and Ωδ2, where δ2 is the half-radius shift operator X 7→ X + πR. With the
charge-conjugation modular invariant, only the representations χ0 and χk can appear
in the Klein bottle which reads, in the two cases:
Kr =
1
2
(χ0 + χk) , Kc =
1
2
(χ0 + (−1)kχk) . (B.11)
The two projections are really distinct for k odd.
We can then construct the annulus and Mo¨bius amplitudes. For example, their
explicit expressions for k = 3 are:
Ar =
1
2
[
χ0
(
n20 + n
2
3 + 2nn + 2mm
)
+ χ1 (2n0n+ 2mn+ 2n3m)
+χ2
(
n2 +m2 + 2n0m+ 2n3n
)
+ χ3 (2n0n3 + 2nm+ 2nm)
+χ−2
(
m2 + n2 + 2nn3 + 2n0m
)
+ χ−1 (2n0n + 2nm+ 2n3m)
]
,
Mr = ±1
2
[χˆ0(n0 − n3) + χˆ2(n−m) + χˆ−2(n−m)] , (B.12)
and
Ac =
1
2
[
χ0
(
2ll + 2nn+ 2mm
)
+ χ1
(
2lm+ 2nl +m2 + n2
)
+χ2
(
2ln + 2nm+ 2ml
)
+ χ3
(
l2 + l
2
+ 2mn+ 2mn
)
+χ−2
(
2ln + 2mn+ 2lm
)
+ χ−1
(
2lm+ 2ln + n2 +m2
)]
,
Mc = ±1
2
[
χˆ1(m+ n) + χˆ3(l + l) + χˆ−1(n+m)
]
. (B.13)
In Eq. (B.13), boundaries that are not self-conjugate (A0aa = 0) carry a pair of
complex charges, e.g. l, l¯.
It is clear from Eq.(B.13) that different Ω projections lead to different boundary
conjugation properties. When a geometric interpretation is available [34], the bound-
ary conjugation properties simply reflect the action of Ω on the submanifolds wrapped
by the brane world-volume. In the simple case analyzed before, Ω maps X 7→ −X
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and therefore all the branes sitting at opposite position form conjugate pairs and
carry complex charges, except for the branes sitting at X = 0 and X = πR which
are fixed under Ω and carry real charges. In a similar way, Ωδ2 maps X 7→ −X + πR
and the fixed branes are those sitting at X = ±πR/2. From the point of view of the
rational CFT, the second projection gives rise, for k odd, to an annulus amplitude
involving only complex charges: the two fixed branes are missing, because they do
not correspond to symmetry-preserving boundary conditions.
Let us consider now the diagonal modular invariant. In this case all the characters
can appear in the Klein bottle and the two projections read:
K1 =
1
2
2k−1∑
i=0
χi , K2 =
1
2
2k−1∑
i=0
(−1)iχi . (B.14)
Recall that the annulus only contains the two boundaries in (3.5), obtained by the
orbifold construction. For example, for k = 3, we find:
A1 = nn(χ0 + χ2 + χ−2) +
1
2
(
n2 + n2
)
(χ1 + χ3 + χ−1) ,
M1 = ±1
2
(n + n) (χˆ1 + χˆ3 + χˆ−1) ,
A2 =
1
2
(
n2+ + n
2
−
)
(χˆ0 + χˆ2 + χˆ−2) + n+n−(χ1 + χ3 + χ−1) ,
M2 = ±1
2
(n+ + n−) (χ0 − χ2 − χ−2) . (B.15)
It is easy to verify that these amplitudes are consistent in the transverse channel.
A similar analysis can be performed for the orbifold line, in particular one can see
that all the charges are real except for those corresponding to the fractional branes
at the two fixed points, which can be real or complex depending on the action of Ω
on the twisted sectors.
We now describe in some detail the Klein bottle projection for the T model. For
the charge-conjugation modular invariant the standard Klein bottle projection is:
K =
1
2
(u0 + φ0 + j + σ + τ) . (B.16)
For the diagonal modular invariant, it is simply given by:
Kd =
1
2
21∑
i=1
χi . (B.17)
It is interesting to notice that the crosscap coefficients for the diagonal case can be
obtained from the crosscap coefficients of the O model by acting with the simple
current u−, as done for the annulus coefficients in Section 4. The crosscap coefficients
for the diagonal T model are thus found to be:
Γi =
P0,i − Pu−,i√
2S0,i
=
1
21/4
(√
6,
√
2, 0, 1, 1
)
, (B.18)
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where the P and S matrices are relative to the O model, and the five entries in the
vector refer to the tetrahedron primaries (u0, j, φ0, σ, τ), respectively. In the direct
channel, these crosscap coefficients give the amplitude (B.17).
The other models at c = 1 and at c = 3/2, with various choices for the Klein bottle,
can be discussed along similar lines, using the Eqs. (B.7,B.9).
C Chiral data of T−O− I models
C.1 Tetrahedron
The fusion rules of the theory, in the field basis given in Section 4, are the following
(i, j = 0, 1, 2 mod 3):
uiuj = ui+j , φiφj = ui+j + j , jj =
2∑
i=0
ui + 2j ,
σσ = ττ =
2∑
i=0
ui + j +
2∑
i=0
φi + 2σ + 2τ , στ = 2j +
2∑
i=0
φi + 2σ + 2τ ,
ω±i ω
±
j = ω
∓
1−i−j +
2∑
k=0
θ∓k , ω
+
i ω
−
j = uj−i + j + σ + τ ,
ω±i θ
±
j =
2∑
k=0
ω∓k + θ
∓
i−j , ω
+
i θ
−
j = σ + τ +
2∑
k 6=2−i−j
φk ,
θ±i θ
±
j =
2∑
k=0
θ∓k + ω
∓
i+j , θ
+
i θ
−
j = j + σ + τ + ui−j . (C.1)
Hereafter, we report the annulus amplitudes for the theory with diagonal modular
invariant. There are 5 boundary states, described in Section 4.2 (Eqs.(4.15),(4.16));
the corresponding annulus coefficients Anab, with a, b = 1, . . . , 5, can be written as
5× 5 matrices; the index n runs over the 21 chiral sectors of the theory, ordered as in
the S-matrix (4.11), {[φn] | n = 1, . . . , 21} ≡ {ui, j, φi, σ, τ, ω+i , ω−i , θ+i , θ−i | i = 0, 1, 2}.
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The matrices are: An = 15, n = 1, 2, 3, and
A4 =

1 2 0 0 0
2 1 0 0 0
0 0 1 2 0
0 0 2 1 0
0 0 0 0 3
 , Am =

0 0 1 1 0
0 0 1 1 0
1 1 0 0 0
1 1 0 0 0
0 0 0 0 2
 , m = 5, 6, 7,
A8 =

1 0 1 0 2
0 1 0 1 2
1 0 0 1 2
0 1 1 0 2
2 2 2 2 2
 , A9 =

0 1 0 1 2
1 0 1 0 2
0 1 1 0 2
1 0 0 1 2
2 2 2 2 2

Al =

0 0 1 1 1
0 0 1 1 1
1 1 0 0 1
1 1 0 0 1
1 1 1 1 2
 , l = 10, . . . , 15, Ak =

1 1 0 0 1
1 1 0 0 1
0 0 1 1 1
0 0 1 1 1
1 1 1 1 2
 , k = 16, . . . , 21.
(C.2)
One can check that they give a representation of the fusion rules (C.1).
C.2 Octahedron
Untwisted sector:
u+ =
1
24
θ[00] +
1
3
θ
[
0
1/3
]
+ 3
8
θ
[
0
1/2
]
+ 1
4
θ
[
0
1/4
]
, h = 0 ,
u− = 124θ[
0
0] +
1
3
θ
[
0
1/3
]
− 1
8
θ
[
0
1/2
]
− 1
4
θ
[
0
1/4
]
, h = 9 ,
uf =
1
12
θ[00]− 13θ
[
0
1/3
]
+ 1
4
θ
[
0
1/2
]
, h = 4 ,
j+ =
1
8
θ[00] +
1
8
θ
[
0
1/2
]
− 1
4
θ
[
0
1/4
]
, h = 4 ,
j− = 18θ[
0
0]− 38θ
[
0
1/2
]
+ 1
4
θ
[
0
1/4
]
, h = 1 ,
φ+ =
1
12
θ
[
1/2
0
]
− ω
3
θ
[
1/2
1/3
]
+ 1
4
θ
[
1/2
1/4
]
+ 1
4
θ
[
1/2
3/4
]
, h = 1
4
,
φ− = 112θ
[
1/2
0
]
− ω
3
θ
[
1/2
1/3
]
− 1
4
θ
[
1/2
1/4
]
− 1
4
θ
[
1/2
3/4
]
, h = 25
4
,
φf =
1
6
θ
[
1/2
0
]
+ ω
3
θ
[
1/2
1/3
]
, h = 9
4
.
(C.3)
Z2-twisted sector (i = 0, 1):
µi =
1
2
θ
[
1/4
0
]
+ (−1)
i
2
θ
[
1/4
1/2
]
, h = 1
16
, 9
16
. (C.4)
Z3-twisted sector (i = 0, 1, 2):
ωi =
1
3
θ
[
1/3
0
]
+ ω
i
3
θ
[
1/3
1/3
]
+ ω
i
3
θ
[
1/3
2/3
]
, h = 1
9
, 4
9
, 16
9
,
θi =
1
3
θ
[
1/6
0
]
+ ω
i
3
θ
[
1/6
1/3
]
+ ω
i
3
θ
[
1/6
2/3
]
, h = 1
36
, 25
36
, 49
36
.
(C.5)
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Z4-twisted sector (k = 0, 1, 2, 3):
αk =
1
4
θ
[
1/8
0
]
+ i
k
4
θ
[
1/8
1/4
]
+ (−1)
k
4
θ
[
1/8
1/2
]
+ (−i)
k
4
θ
[
1/8
3/4
]
, h = 1
64
, 49
64
, 225
64
, 81
64
,
βk =
1
4
θ
[
3/8
0
]
+ i
k
4
θ
[
3/8
1/4
]
+ (−1)
k
4
θ
[
3/8
1/2
]
+ (−i)
k
4
θ
[
3/8
3/4
]
, h = 9
64
, 25
64
, 169
64
, 121
64
,
σ± = 14θ
[
1/4
0
]
+ 1
4
θ
[
1/4
1/2
]
± 1
4
θ
[
1/4
1/4
]
± 1
4
θ
[
1/4
3/4
]
, h = 1
16
, 49
16
,
τ± = 14θ
[
1/4
0
]
− 1
4
θ
[
1/4
1/2
]
± i
4
θ
[
1/4
1/4
]
∓ i
4
θ
[
1/4
3/4
]
, h = 9
16
, 25
16
.
(C.6)
C.3 Icosahedron
Untwisted sector:
u0 =
1
60
θ[00] +
1
3
θ
[
0
1/3
]
+ 1
5
θ
[
0
1/5
]
+ 1
5
θ
[
0
2/5
]
+ 1
4
θ
[
0
1/2
]
, h = 0 ,
u1 =
1
20
θ[00] +
1+
√
5
10
θ
[
0
1/5
]
+ 1−
√
5
10
θ
[
0
2/5
]
− 1
4
θ
[
0
1/2
]
, h = 1 ,
u2 =
1
20
θ[00] +
1−√5
10
θ
[
0
1/5
]
+ 1+
√
5
10
θ
[
0
2/5
]
− 1
4
θ
[
0
1/2
]
h = 9 ,
u3 =
1
15
θ[00] +
1
3
θ
[
0
1/3
]
− 1
5
θ
[
0
1/5
]
− 1
5
θ
[
0
2/5
]
, h = 9 ,
u4 =
1
12
θ[00]− 13θ
[
0
1/3
]
+ 1
4
θ
[
0
1/2
]
, h = 4 ,
φ1 =
1
30
θ
[
1/2
0
]
− 1+
√
5
10
ζ
2
θ
[
1/2
1/5
]
− 1−
√
5
10
ζθ
[
1/2
2/5
]
− ω
3
θ
[
1/2
1/3
]
, h = 1
4
,
φ2 =
1
30
θ
[
1/2
0
]
− 1−
√
5
10
ζ
2
θ
[
1/2
1/5
]
− 1+
√
5
10
ζθ
[
1/2
2/5
]
− ω
3
θ
[
1/2
1/3
]
, h = 49
4
,
φ3 =
1
15
θ
[
1/2
0
]
− 1
5
ζ
2
θ
[
1/2
1/5
]
− 1
5
ζθ
[
1/2
2/5
]
+ ω
3
θ
[
1/2
1/3
]
, h = 9
4
,
φ4 =
1
10
θ
[
1/2
0
]
+ 1
5
ζ
2
θ
[
1/2
1/5
]
+ 1
5
ζθ
[
1/2
2/5
]
, h = 25
4
.
(C.7)
Z2-twisted sector:
σ = 1
2
θ
[
1/4
0
]
+ 1
2
θ
[
1/4
1/2
]
, h = 1
16
,
τ = 1
2
θ
[
1/4
0
]
− 1
2
θ
[
1/4
1/2
]
, h = 9
16
.
(C.8)
Z3-twisted sector (i = 0, 1, 2):
ωi =
1
3
θ
[
1/3
0
]
+ ω
i
3
θ
[
1/3
1/3
]
+ ω
i
3
θ
[
1/3
2/3
]
, h = 1
9
, 4
9
, 16
9
,
θi =
1
3
θ
[
1/6
0
]
+ ω
i
3
θ
[
1/6
1/3
]
+ ω
i
3
θ
[
1/6
2/3
]
, h = 1
36
, 25
36
, 49
36
.
(C.9)
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Z5-twisted sector (k = 0, 1, 2, 3, 4):
πk =
1
5
θ
[
1/5
0
]
+ ζ
k
5
θ
[
1/5
1/5
]
+ ζ
2k
5
θ
[
1/5
2/5
]
+ ζ
2k
5
θ
[
1/5
3/5
]
+ ζ
k
5
θ
[
1/5
4/5
]
, h = 1
25
, 16
25
, 81
25
, 121
25
, 36
25
,
ρk =
1
5
θ
[
1/10
0
]
+ ζ
k
5
θ
[
1/10
1/5
]
+ ζ
2k
5
θ
[
1/10
2/5
]
+ ζ
2k
5
θ
[
1/10
3/5
]
+ ζ
k
5
θ
[
1/10
4/5
]
, h = 1
100
, 81
100
, 361
100
, 441
100
, 121
100
,
λk =
1
5
θ
[
2/5
0
]
+ ζ
k
5
θ
[
2/5
1/5
]
+ ζ
2k
5
θ
[
2/5
2/5
]
+ ζ
2k
5
θ
[
2/5
3/5
]
+ ζ
k
5
θ
[
2/5
4/5
]
, h = 4
25
, 9
25
, 64
25
, 144
25
, 49
25
,
ξk =
1
5
θ
[
3/10
0
]
+ ζ
k
5
θ
[
3/10
1/5
]
+ ζ
2k
5
θ
[
3/10
2/5
]
+ ζ
2k
5
θ
[
3/10
3/5
]
+ ζ
k
5
θ
[
3/10
4/5
]
, h = 9
100
, 49
100
, 289
100
, 529
100
, 169
100
,
(C.10)
where ζ = exp(2iπ/5).
The S matrix (×60√2) in this basis is:
u0 u1 u2 u3 u4 φ1 φ2 φ3 φ4 σ τ ωj θj πl ρl λl ξl
u0 1 3 3 4 5 2 2 4 6 30 30 20 20 12 12 12 12
u1 3 9 9 12 15 6 6 12 18 −30 −30 0 0 g˜ g g g˜
u2 3 9 9 12 15 6 6 12 18 −30 −30 0 0 g g˜ g˜ g
u3 4 12 12 16 20 8 8 16 24 0 0 20 20 −12 −12 −12 −12
u4 5 15 15 20 25 10 10 20 30 30 30 −20 −20 0 0 0 0
φ1 2 6 6 8 10 −4 −4 −8 −12 0 0 −20 20 −g g˜ −g˜ g
φ2 2 6 6 8 10 −4 −4 −8 −12 0 0 −20 20 −g˜ g −g g˜
φ3 4 12 12 16 20 −8 −8 −16 −24 0 0 20 −20 −12 12 −12 12
φ4 6 18 18 24 30 −12 −12 −24 −36 0 0 0 0 12 −12 12 −12
σ 30 −30 −30 0 30 0 0 0 0 30√2 −30√2 0 0 0 0 0 0
τ 30 −30 −30 0 30 0 0 0 0 −30√2 30√2 0 0 0 0 0 0
ωi 20 0 0 20 −20 −20 −20 20 0 0 0 aij bij 0 0 0 0
θi 20 0 0 20 −20 −20 −20 20 0 0 0 bji dij 0 0 0 0
πk 12 g˜ g −12 0 −g −g˜ −12 12 0 0 0 0 P 1kl P 2kl P 3kl P 4kl
ρk 12 g g˜ −12 0 g˜ g 12 −12 0 0 0 0 P 2lk R1kl R2kl R3kl
λk 12 g g˜ −12 0 −g˜ −g −12 12 0 0 0 0 P 3lk R2lk L1kl L2kl
ξk 12 g˜ g −12 0 g g˜ 12 −12 0 0 0 0 P 4lk R3lk L2lk X1kl
The submatrices are defined as follows:
P 1kl = Re (e
− 4iπ
25 ζ2(k+l)) , P 2kl = Re (e
− 2iπ
25 ζk+2l) , P 3kl = Re (e
− 8iπ
25 ζ2l−k) ,
P 4kl = Re (e
− 6iπ
25 ζ2(l−k)) , R1kl = Re (e
− iπ
25 ζk+l) , R2kl = Re (e
− 4iπ
25 ζ l−k) ,
R3kl = Re (e
− 3iπ
25 ζ l−2k) , L1kl = Re (e
16iπ
25 ζk+l) , L2kl = Re (e
12iπ
25 ζ2k+l) ,
X1kl = Re (e
9iπ
25 ζ2(k+l)) ,
with indices i, j = 0, 1, 2, k, l = 0, 1, 2, 3, and g = 6(1 +
√
5), g˜ = 6(1−√5).
D Superconformal T and O models
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D.1 Super-Tetrahedron
In this Appendix we display the characters and the S matrices for the superconformal
T and O models. The characters are expressed in terms of the Θ functions (4.7) and
of the Ising characters, o, v and s in Eq.(5.3).
Untwisted NS sector (i = 0, 1, 2):
χi =
1
3
ooo+ 1
6η
(
ωiΘ
[
0
1/3
]
+ ωiΘ
[
0
2/3
])
(o+ v)
+ 1
6η
(
ωiΘ
[
0
5/6
]
+ ωiΘ
[
0
1/6
])
(o− v) , h = 0, 2, 2 ,
χ− = ovv , h = 1 ,
ξi =
1
3
vvv + 1
6η
(
ωiΘ
[
0
1/3
]
+ ωiΘ
[
0
2/3
])
(o+ v)
− 1
6η
(
ωiΘ
[
0
5/6
]
+ ωiΘ
[
0
1/6
])
(o− v) , h = 3
2
, 5
2
, 5
2
,
ξ− = voo , h = 12 .
(D.1)
Untwisted R sector (i = 0, 1, 2):
ρi =
1
3
sss− 1
3η
(
ωiΘ
[
1/2
1/3
]
+ ωiΘ
[
1/2
2/3
])
s , h = 19
16
, 19
16
, 3
16
. (D.2)
Z2-twisted NS sector: {λs|λ = σ, τ},
σs = oss , h =
1
8
,
τs = vss , h =
5
8
.
(D.3)
Z2-twisted R sector: {σI , τI |I = o, v},
σo = soo , h =
1
16
,
σv = osv , h =
9
16
,
τo = vso , h =
9
16
,
τv = svv , h =
17
16
.
(D.4)
Z3-twisted NS sector (i = 0, 1, 2):
ω±i =
1
6η
(
Θ
[
1/3
0
]
+ ωiΘ
[
1/3
1/3
]
+ ωiΘ
[
1/3
2/3
])
(o+ v)
± 1
6η
(
Θ
[
1/3
1/2
]
+ ωiΘ
[
1/3
5/6
]
+ ωiΘ
[
1/3
1/6
])
(o− v) , h = 1
18
, 13
18
, 25
18
, 5
9
, 2
9
, 8
9
,
π±i =
1
6η
(
Θ
[
2/3
0
]
+ ωiΘ
[
2/3
1/3
]
+ ωiΘ
[
2/3
2/3
])
(o+ v)
± 1
6η
(
Θ
[
2/3
1/2
]
+ ωiΘ
[
2/3
5/6
]
+ ωiΘ
[
2/3
1/6
])
(o− v) , h = 2
9
, 8
9
, 5
9
, 13
18
, 25
18
, 1
18
.
(D.5)
Z3-twisted R sector (i = 0, 1, 2):
λi =
1
3η
(
Θ
[
5/6
0
]
+ ωiΘ
[
5/6
1/3
]
+ ωiΘ
[
5/6
2/3
])
s , h = 59
144
, 11
144
, 107
144
,
ψi =
1
3η
(
Θ
[
1/6
0
]
+ ωiΘ
[
1/6
1/3
]
+ ωiΘ
[
1/6
2/3
])
s , h = 11
144
, 107
144
, 59
144
.
(D.6)
The S matrix in this basis is reported in Table 1.
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χj χ− ξj ξ− ρj µs σJ τJ ω±j π
±
j λj ψj
χi 1 3 1 3 2
√
2 6 3
√
2 3
√
2 4ωi 4ωi 4
√
2ωi 4
√
2ωi
χ− 3 9 3 9 6
√
2 −6 −3√2 −3√2 0 0 0 0
ξi 1 3 1 3 −2
√
2 6 −3√2 −3√2 4ωi 4ωi −4√2ωi −4√2ωi
ξ− 3 9 3 9 −6
√
2 −6 3√2 3√2 0 0 0 0
ρi 2
√
2 6
√
2 −2√2 −6√2 0 0 0 0 ±4√2ωi+1 ∓4√2ωi+i 0 0
λs 6 −6 6 −6 0 0 −6
√
2ǫλJ 6
√
2ǫλJ 0 0 0 0
σI 3
√
2 −3√2 −3√2 3√2 0 −6√2ǫIµ 12δIJ 12(1 − δIJ ) 0 0 0 0
τI 3
√
2 −3√2 −3√2 3√2 0 6√2ǫIµ 12(1 − δIJ ) 12δIJ 0 0 0 0
ω±i 4ω
j 0 4ωj 0 ±4√2ωj+1 0 0 0 4αωi+j 4α2ωi+j ±4√2βωi+j−1 ±4√2βωi+j
π±i 4ω
j 0 4ωj 0 ∓4√2ωj+1 0 0 0 4α2ωi+j 4α4ωi+j ±4√2β8ωi+j ±4√2β2ωi+j
λi 4
√
2ωj 0 −4√2ωj 0 0 0 0 0 ±4√2βωi+j−1 ±4√2β8ωi+j 0 0
ψi 4
√
2ωj 0 −4√2ωj 0 0 0 0 0 ±4√2βωi+j ±4√2β2ωi+j 0 0
Table 1: Super-tetrahedron S matrix (×24): ǫij = (−1)i+j, ω = exp(2iπ/3), α = exp(2iπ/9) and β = exp(iπ/9), with indices
i, j = 0, 1, 2; λ, µ = σ, τ (resp. 0, 1) and I, J = o, v (resp. 0, 1).
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D.2 Super-Octahedron
Untwisted NS sector:
u± = 16ooo± 12o(2τ)o+ 16ηΘ
[
0
1/3
]
(o+ v) + 1
6η
Θ
[
0
5/6
]
(o− v) , h = 0, 5 ,
u = 1
3
ooo− 1
6η
Θ
[
0
1/3
]
(o+ v)− 1
6η
Θ
[
0
5/6
]
(o− v) , h = 2 ,
j± = 12vvo± 12v(2τ)o , h = 1, 2 ,
v± = 16vvv ± 12v(2τ)v + 16ηΘ
[
0
1/3
]
(o+ v)− 1
6η
Θ
[
0
5/6
]
(o− v) , h = 3
2
, 9
2
,
v = 1
3
vvv − 1
6η
Θ
[
0
1/3
]
(o+ v) + 1
6η
Θ
[
0
5/6
]
(o− v) , h = 5
2
,
h± = 12oov ± 12o(2τ)v , h = 12 , 52 .
(D.7)
Untwisted R sector:
ρ± = 16sss± 12s(2τ)s− ω¯3ηΘ
[
1/2
1/3
]
s , h = 3
16
, 51
16
,
ρ = 1
3
sss+ ω¯
3η
Θ
[
1/2
1/3
]
s , h = 19
16
.
(D.8)
Z3-twisted NS sector (i = 0, 1, 2):
ω±i =
1
6η
(
Θ
[
1/3
0
]
+ ωiΘ
[
1/3
1/3
]
+ ωiΘ
[
1/3
2/3
])
(o+ v)
± 1
6η
(
Θ
[
1/3
1/2
]
+ ωiΘ
[
1/3
5/6
]
+ ωiΘ
[
1/3
1/6
])
(o− v) , h = 1
18
, 13
18
, 25
18
, 5
9
, 2
9
, 8
9
.
(D.9)
Z3-twisted R sector (i = 0, 1, 2):
λi =
1
3η
(
Θ
[
5/6
0
]
+ ωiΘ
[
5/6
1/3
]
+ ωiΘ
[
5/6
2/3
])
s , h = 59
144
, 11
144
, 107
144
. (D.10)
Z4-twisted NS sector (k = 0, 1, 2, 3):
σs± = 12(sso± s(2τ)o) , h = 18 , 98 ,
τs± = 12(ssv ± s(2τ)v) , h = 58 , 138 ,
αk =
1
4η
(
Θ
[
1/4
0
]
+ ikΘ
[
1/4
1/4
]
+ (−1)kΘ
[
1/4
1/2
]
+ (−i)kΘ
[
1/4
3/4
])
o , h = 1
32
, 9
32
, 49
32
, 25
32
,
βk =
1
4η
(
Θ
[
1/4
0
]
+ ikΘ
[
1/4
1/4
]
+ (−1)kΘ
[
1/4
1/2
]
+ (−i)kΘ
[
1/4
3/4
])
v , h = 17
32
, 25
32
, 65
32
, 41
32
.
(D.11)
Z4-twisted R sector (I = o, v; k = 0, 1, 2, 3):
σo± = 12(soo± o(2τ)s) , h = 116 , 3316 ,
τv± = 12(svv ± v(2τ)s) , h = 1716 , 3316 ,
osv = osv , h = 9
16
,
γk =
1
4η
(
Θ
[
1/4
0
]
+ ikΘ
[
1/4
1/4
]
+ (−1)kΘ
[
1/4
1/2
]
+ (−i)kΘ
[
1/4
3/4
])
s , h = 3
32
, 11
32
, 51
32
, 27
32
.
(D.12)
Z2-twisted NS sector (n = 0, 1):
µ0s = oss , h =
1
8
,
µ1s = vss , h =
5
8
.
(D.13)
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Z2-twisted R sector (I = o, v, n = 0, 1):
µ0o = soo , h =
1
16
,
µ0v = osv , h =
9
16
,
µ1o = vso , h =
9
16
,
µ1v = svv , h =
17
16
.
(D.14)
The S matrix in this basis is reported in Table 2.
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u± u j± v± v h± ρ± ρ σs± τs± σI± osv ω
β
j
λj αl βl γl µms µmJ
u± 1 2 3 1 2 3 2
√
2 4
√
2 6 6 3
√
2 6
√
2 8 8
√
2 ±6 ±6 ±6√2 ±12 ±6√2
u 2 4 6 2 4 6 4
√
2 8
√
2 12 12 6
√
2 12
√
2 −8 −8√2 0 0 0 0 0
j± 3 6 9 3 6 9 6
√
2 12
√
2 −6 −6 −3
√
2 −6
√
2 0 0 ±6 ±6 ±6
√
2 ∓12 ∓6
√
2
v± 1 2 3 1 2 3 −2
√
2 −4√2 6 6 −3√2 −6√2 8 −8√2 ±6 ±6 ∓6√2 ±12 ∓6√2
v 2 4 6 2 4 6 −4√2 −8√2 12 12 −6√2 −12√2 −8 8√2 0 0 0 0 0
h± 3 6 9 3 6 9 −6
√
2 −12√2 −6 −6 3√2 6√2 0 0 ±6 ±6 ∓6√2 ∓12 ±6√2
ρ± 2
√
2 4
√
2 6
√
2 −2
√
2 −4
√
2 −6
√
2 0 0 0 0 0 0 ǫβ8
√
2 0 ±ǫl12 ∓ǫl12 0 0 0
ρ 4
√
2 8
√
2 12
√
2 −4√2 −8√2 −12√2 0 0 0 0 0 0 −ǫβ8
√
2 0 0 0 0 0 0
σs± 6 12 −6 6 12 −6 0 0 0 0 6
√
2 −12√2 0 0 ±ǫl6
√
2 ±ǫl6
√
2 ±ǫl12 0 0
τs± 6 12 −6 6 12 −6 0 0 0 0 −6
√
2 12
√
2 0 0 ±ǫl6
√
2 ±ǫl6
√
2 ∓ǫl12 0 0
σI± 3
√
2 6
√
2 −3
√
2 −3
√
2 −6
√
2 3
√
2 0 0 6
√
2 −6
√
2 ǫIJ12 0 0 0 ±6
√
2 ∓6
√
2 0 0 ±ǫIJ
osv 6
√
2 12
√
2 −6√2 −6√2 −12√2 6√2 0 0 −12√2 12√2 0 0 0 0 0 0 0 0 0
ωαi 8 −8 0 8 −8 0 ǫα8
√
2 −ǫα8
√
2 0 0 0 0 wij ǫαlij 0 0 0 0 0
λi 8
√
2 −8√2 0 −8√2 8√2 0 0 0 0 0 0 0 ǫβ lij 0 0 0 0 0 0
αk ±6 0 ±6 ±6 0 ±6 ±ǫk12 0 ±ǫk6
√
2 ±ǫk6
√
2 ±6
√
2 0 0 0 akl akl
√
2akl 0 0
βk ±6 0 ±6 ±6 0 ±6 ∓ǫk12 0 ±ǫk6
√
2 ±ǫk6
√
2 ∓6√2 0 0 0 akl akl −
√
2akl 0 0
γk ±6
√
2 0 ±6√2 ∓6√2 0 ∓6√2 0 0 ±ǫk12 ∓ǫk12 0 0 0 0
√
2akl −
√
2akl 0 0 0
µns ±12 0 ∓12 ∓12 0 ∓12 0 0 0 0 0 0 0 0 0 0 0 0 ǫnmJ12
√
2
µnI ±6
√
2 0 ∓6√2 ∓6√2 0 ±6√2 0 0 0 0 ±ǫIJ 0 0 0 0 0 0 ǫnmI12
√
2 ǫnm12
Table 2: Super-octahedron S matrix (×48). The sub-matrices are defined as follows: wij = 16Re
(
e−2iπ/9ωi+j
)
, lij =
16
√
2Re
(
e−5iπ/9ωi+j
)
, and akl = 12Re
(
e−iπ/8ik+l
)
, with indices i, j = 0, 1, 2; k, l = 0, 1, 2, 3, and n,m = 0, 1; the ǫijk... are
signs defined according to ǫijk... = (−1)i+j+k+.... The indices α, β = +,−, in ωαi , wβj and I, J = o, v, in σI± and µnI should be considered
as taking the values 0, 1, respectively.
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